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Abstract

Neuromorphic systems are gaining significant importance in an era where

CMOS digital techniques are reaching physical limits due to more power

consumption, chip area and complex structures. Thus, memristors have

appeared as promising devices not only in the area of neural systems but

also in the fields of logic design, memory design, sensor and cryptogra-

phy systems, etc. due to their non-volatility, nanoscale size and physical

layout.

We present memristor-based neural network designs and implementations

in this work. This work first simulates the different memristor modelling

techniques in a high-level language (especially in C++). The multi-layer

neural network is simulated based on this modelling. The results demon-

strated that the linear and non-linear separable functions performed well

with this modelling technique. This simulation modelling can be used to

reduce the simulation time of very large memristor based neural networks.

Then, an improved learning method for ex-situ training and a novel cir-

cuit design for activation function are also presented in this work. Based

on these designs and learning methods, various single and multi-layer

memristive crossbar neural architectures are implemented and tested in

SPICE. Experimental results show that this learning method performed

efficiently while implementing memristor-based neural networks in ex-situ.

The results also demonstrated that the memristive crossbar-based multi-

layer neural networks with the proposed circuit occupy less chip area as

compared to existing circuit designs used for activation functions. Lastly,
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this work analyses the fault tolerance behaviours of memristor-based neu-

ral networks and evaluates the yield of memristor crossbar array-based

neural networks using the Markov chains. The repairability process is

also considered while evaluating the yield. Our analysis also shows that

a well-designed network can function effectively with up to 50% faulty

memristors with negligible impact on the learning capabilities of the net-

work. The analysis is useful when designing a network with redundancy.

The results also show that the yield can be improved with redundancies

and a higher ratio of SA0 faults.
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Chapter 1

Introduction

1.1 Motivation & Problem Background

Recent years have seen the incorporation of Artificial Neural Networks (ANNs) into

a variety of commercial products and services, including mobile devices and cloud

computing. Recent studies have suggested [18, 46] that when huge amounts of com-

putational power are available, ANNs have the potential to perform exceptionally

well for large-scale realistic learning applications. However, their usability is limited

by their computational intensity due to area and power constraints. Therefore, a new

specific hardware design strategy is needed to overcome these limitations. Histori-

cally, the number of transistors in Integrated Circuits (IC) has about doubled every

two years, as predicted by Moore’s law [56]. As the number of transistors on the ICs

has increased, it has become apparent that there is a limit to which the transistors can

be shrunk. Unless other alternatives to silicon-based transistors or new architecture

developments occur, there is a high possibility that processor performance will stay

static. Researchers have been investigating a variety of options for overcoming such

obstacles. Moreover, the implementation of powerful machine learning algorithms

like backpropagation is inefficient for general-purpose digital hardware (i.e., the von

Neumann architecture). One of the main reasons for this is the physical separation

between the memory arrays that store the synaptic weight values and the arithmetic

module that calculates the updated rules.
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In the previous two decades, various Hardware Neural Network chips have been

implemented, known as neurochips. These chips are based on analog, digital and

hybrid electronic technologies, as well as Field Programmable Gate Array (FPGA)

and Random Access Memory (RAM) based technologies [36, 52, 55, 74]. The major-

ity of Hardware Neural Networks (HNNs) are designed and implemented using the

Complementary Metal-Oxide Semiconductor (CMOS) technology [52]. The major

challenge in these designs is scalability, as they are not used for large-scale realistic

applications. These designs are also area and power hungry.

The effectiveness of the HNNs design is largely dependent on the compromises

that are made between accuracy, chip area, and processing speed. Digital neural

systems provide a high degree of accuracy, but at the expense of a larger chip area,

slower speed, and higher power consumption. In contrast to digital implementations,

analog implementations are typically more efficient in terms of chip area and process-

ing speed, but their accuracy is limited due to the spatial non-uniformity of analog

components and their non-ideal responses [19, 21, 53]. Another major issue with ana-

log HNNs is weight storage. In these system implementations, weights are normally

stored in electronic devices such as capacitors, resistors, and floating gate transistors.

Due to charge leakage, the synaptic weights of capacitors have a limited retention

time; therefore, they need to have their dynamic weights updated at frequent inter-

vals. Resistors are fixed and cannot be altered after they have been manufactured.

Thus, they are only suitable for use in non-learning hardware. That is the issue of

using traditional resistors for weight storage. In conjunction with analog multipliers,

floating gate transistors have been employed effectively as synapses. Nevertheless,

this method suffers from significant non-linearity in synaptic weightings. Moreover,

non-volatile weight storage is another big challenge in analog HNN implementations.

A tried-and-tested approach to designing information processing systems is neuro-

morphic engineering. Neuromorphic networks are more advantageous in cases where

parallel computation is required. A high number of processing elements (PE) are
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required for efficient neuromorphic computing [84]. Researchers in the area of neuro-

morphic computing are also exploring ways to reduce the amount of chip area needed

to mimic the massive computing ability of the human brain. Existing CMOS tech-

nology lacks the density and connectivity required for more advanced neuromorphic

architectures. The neuromorphic systems simulated using current nano technologies

are magnitudes below the integration density of neurons in the human brain [87, 109].

Humans with millisecond-operating neurons can execute arbitrary picture recognition

tasks in tens to hundreds of milliseconds, whereas even the most powerful computers

would require hours, if not days, to do the same. This gap between digital computing

and biology (especially the human brain) motivates the development of technologies

with higher connection densities than CMOS can provide.

A novel device called ‘memristor’ has recently created new opportunities not only

in the area of HNNs and neuromorphic computing but also in other big applications

like logic and memory designs. A memristor is a non-volatile variable resistor, which

was predicted from theory by Leon Chua [14] in 1971, and it represents the relation-

ship between charge (q) and flux (ϕ). The scientists at Hewlett-Packard Laboratories

achieved its physical manifestation in 2008 [82] . After that, memristive behaviour

has been demonstrated by numerous research teams using different materials. More-

over, nanoscale fabrication of this device is also possible, and it retains its previous

state even when the power is switched off. Furthermore, physical memristors can

be built in a dense grid called a crossbar. A memristor occupies 4F2 area in the

crossbar (where F is the device feature size) which is 36 times smaller than an SRAM

memory cell. One of the most promising uses of memristors is in the implementa-

tion of artificial neural networks, as a memristor crossbar is capable of performing

several multiply-add operations in parallel and updating the conductance of different

memristors simultaneously. Thus, a memristor can be used as a synaptic device in

the design of HNNs. Since the device operates similarly to a synapse and the mem-

ristance can be gradually changed by the external electrical signal, the memristor is
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also being investigated in neuromorphic applications.

1.2 Methodology

The work in this thesis covers the research, technology, and application categories

in the field of neural network designs. All the memristor crossbar-based neural cir-

cuits were implemented and simulated using a combination of C++, LTspice and

MATLAB. The training was provided in C++ and MATLAB. The memristive neu-

ral circuits were designed and implemented using LTspiceIV. Various components

of LTspice are used, e.g voltage sources, comparators, etc. The SPICE memristor

models and comparators were developed to aid simulation with EDA tools. Different

linear and non-linear datasets, pattern classifiers and benchmark datasets, e.g. the

iris dataset, were used to test the memristor based neural network designs. The pat-

tern classifiers were chosen randomly to examine the functionality of the improved

learning method and test the proposed memristive circuit designs. The complexity

of the pattern classifiers was not considered at this stage. The processes in flowchart

shown in Fig. 1.1 are used in each chapter from Chapter 3 to Chapter 6. In each

chapter, we defined the problem and proposed a solution. Then, designed, trained

and implemented the memristive neural networks based on the proposed solutions

and the results are evaluated at the end of each chapter.

1.3 Contributions

Efficient memristor-based neural network circuit designs are required. This thesis

examines the memristor crossbar-based neural network architectures. It also examines

the memristive neural networks based on ex-situ training and activation function. We

have also examined the fault-tolerance and yield of memristor crossbar based neural

circuits.

The following is a list of key contributions of this thesis:
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Start

Design

Data Collection

Training

Implementation

Result Evaluation

End

Literature Review

Problem Statement

Figure 1.1: Flowchart of the research process.
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1. The SPICE simulation of large memristor crossbar arrays is time consuming. A

novel memristor modelling is provided using a high-level language. Memristor

models are simulated using this modelling approach, especially in C++. We

designed a C++ framework to simulate various linear and non-linear separable

functions in order to reduce the simulation time.

2. In order to implement memristive neural networks in hardware, improved learn-

ing methods, mapping schemes and more accurate computations in the memris-

tor crossbar architectures are required. The author presents an improved learn-

ing method for ex-situ training. A voltage-divider technique is considered for

learning during training in software. This method is very close to the hardware

computation of the memristor crossbar. Weights are updated using this learn-

ing method while training in software so that similar results can be produced

while writing these weights as conductance in memristor crossbar implemented

in LTspice. The results show that more accurate computations can be achieved

in the LTspice implementation of memristive crossbar neural circuits using this

learning method, as well as a reduction in training time.

3. The non-linearity of activation functions poses yet another challenge while de-

signing compact hardware. A novel circuit for activation function (AF) is pre-

sented. This circuit design is based on memristor MIN functionality. Two

memristors, along with a comparator, are used to design the circuit. The pro-

posed circuit approximates the Rectified Linear Unit (ReLU) activation function

widely used in the training of neural networks. Different multi-layer memristive

neural circuit implementations are carried out using this function in order to

check performance. Our circuit design is area efficient and helps to train the

network faster.

4. Neural networks can accept a limited number of faulty synaptic weights. How-

ever, a high defect rate dramatically reduces the accuracy of the matrix-vector
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calculations. The author analyses the error tolerance of memristor crossbar

neural circuits with stuck-at-faults (SAFs). To examine fault tolerance in the

memristor crossbar architecture, random memristors were chosen to be stuck in

either a low or high resistance state. The results of the analysis show that the

neural circuits based on memristors are capable of learning even when some of

the memristors in the memristor crossbar are faulty. The author also calculates

the yield of a memristor crossbar array used for neural networks using a Markov

chain, which provides flexibility without sacrificing accuracy and representative-

ness. The benefit of the repair process is also considered while using the Markov

chain model. The results show the increase in yield using redundancies and with

the increase of SAFs that can be repaired.

1.4 Outline of the Thesis

This thesis is organised as follows:

• Chapter 2 describes the background theories of a memristor and its physical

model. Some existing models of memristors are also discussed in this chapter.

Additionally, the memristor-based crossbar neural architecture and some of the

existing training methods for neural networks have been introduced. Existing

write and read schemes of memristors in the memristor crossbar array are also

explained. This chapter also reviewed the existing circuits used for activation

functions. Furthermore, it also reviewed the fault-tolerance and yield in the

memristor crossbar array, alongside a review of other literature relevant to the

contribution of this thesis.

• Chapter 3 presents the novel memristor modelling in a high-level language.

Different memristor models are simulated using C++. Various linear and non-

linear separable functions are simulated using the proposed modelling approach.
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• In Chapter 4, an improved learning method for memristor based neural networks

is proposed. This learning algorithm is used for the ex-situ training method. It is

based on the voltage-divider sensing technique. The backpropagation algorithm

along with the voltage-divider technique is used for learning and updating the

weights in software. Various single and multi-layer memristive neural networks

are trained in software while using this learning method for training and then

implemented memristive crossbar circuits for these networks in LTspice with

consideration of sneak-paths. These networks are also trained and implemented

without using the voltage-divider technique. This chapter also compares both

the results.

• Chapter 5 presents a novel circuit design for the activation function of a neu-

ral network. This chapter starts by describing the memristor-based MIN-MAX

operation. Then, a circuit design based on memristor MIN functionality is pro-

posed. It also demonstrated its results using LTspice. This chapter also shows

the novel implementation and analysis of different multi-layer memristor cross-

bar based neural circuits. Furthermore, this chapter compares the proposed

activation circuit with other existing activation circuits used in memristive neu-

ral networks.

• Chapter 6 begins with the examination of the fault tolerance within the mem-

ristor crossbar neural circuits in the presence of stuck-at-faults (SAFs). To

evaluate the tolerance of faulty memristors, two distinct memristor-based struc-

tures are considered. This chapter also estimates the yield of a memristor-based

crossbar array using a Markov chain when SAFs are present. Another method

used for estimation and comparison is the Poisson distribution. Different sizes

of memristor crossbar arrays are considered. We also considered different fault

ratios while calculating the yield. The results are evaluated with or without

redundancies.
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• Chapter 7 concludes and summarises the work presented in this thesis. Other

possible extensions of the research conducted in this thesis are also discovered.
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Chapter 2

Background and Literature Review

2.1 Introduction

A memristor is a two-terminal non-volatile passive element with varying resistance.

A pinched hysteresis loop is the recognising feature of a memristor. This fourth basic

passive element was first theorised by Leon Chua in 1971 [14], and it predicts the

relationship between charge and magnetic flux. One of the earliest physical memristor

devices was fabricated in 2008 by Hewlett-Packard (HP) Labs [82] based on Chua’s

original definition [14].

This chapter introduces the memristor, which is commonly referred to as the

fourth circuit element. An overview of the memristor device, its existing models, and

its applications in different areas are explored. A full description of neural networks,

memristor crossbar structure and its use in the implementation of memristor-based

neural circuits is also presented in this chapter. Various architectures of memristor

crossbars as well as their pros and cons are also discussed. This chapter presents the

background relevant to the contribution of this thesis.

2.2 Background

2.2.1 The Theory of Missing Element

In the field of device electronics, there already exists three fundamental circuit ele-

ments denoted by their respective symbols: resistor R, capacitor C and inductor L.
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These three components are passive elements, which are able to store or dissipate

charges. The behaviours of each of the three elements are defined through a linear

relationship between two (out of four) circuit variables. These variables are voltage

v, Current i, Charge q, and Flux ϕ as shown in Fig. 2.1. There are six possible com-

binations of these four parameters. A resistor (R) is characterised by the relationship

between voltage and current as dv = Rdi. A capacitor (C) is characterised by the

relationship between charge and voltage as dq = Cdv. Similarly, an inductor (L)

is characterised by the relationship between magnetic flux and current: dϕ = Ldi.

Leon Chua noticed the missing link between charge and flux and first theoretically

described it in his paper [14]. In 1971, Chua introduced a new passive element named

the memristor, which exhibits the relationship between charge q, and flux ϕ [14] as

shown in Eq. 2.1. Fig. 2.2 represents the symbol illustrated in Chua’s paper [14].

v

i q

ɸ 

dq=idt

dɸ
 =

vd
t

Resistor
dv=Rdi

Capacitor
dq=Cdv

Inductor
dɸ=Ldi

Memristor
dɸ =Mdq

Figure 2.1: Circuit variables relationship diagram.

M =
dϕ

dq
(2.1)
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Figure 2.2: Memristor symbol originally proposed by Leon Chua.

Eq. 2.2 and 2.3 describe the flux and charge as these equations represent the time

integral of voltage and current.

ϕ =

∫
v(t)dt⇒ dϕ

dt
= v(t) (2.2)

q =

∫
i(t)dt⇒ dq

dt
= i(t) (2.3)

A charge dependent memristance is defines as

M(q) =
dϕ/dt

dq/dt
(2.4)

After substituting Eq. 2.2 and Eq. 2.3 into Eq. 2.4, the Eq. 2.4 becomes

M(q) =
v(t)

i(t)
(2.5)

Thus, Eq. 2.5 represents memristance described by Ohm’s Law.

Similarly, a flux based memristance described as Eq. 2.6 is derived from Eq. 2.7

M(ϕ) =
dq/dt

dϕ/dt
(2.6)

M(q) =
i(t)

v(t)
(2.7)
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Hence, memristance depends on the voltage or current time integral. Any resistive

device displaying a current-voltage curve in the shape of a pinch-hysteresis loop as

shown in Fig. 2.3b is considered as a memristor [15] for sinusoidal input as shown in

Fig. 2.3a.
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Figure 2.3: (a) Sinusoidal voltage input and (b) I-V characteristic of a memristor.
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2.2.1.1 HP Memristor based on TiO2

In 2008, Hewlett-Packard (HP) Labs used a thin film structure of titanium dioxide

(TiO2) to fabricate the first physical memristor device [82]. This was based on the

theory of a solid-state element called a memristor, which predicts the relationship

between charge and magnetic flux. It consists of two thin films sandwiched between

the pair of platinum electrodes as shown in Fig. 2.4(a). It is divided into two regions

known as the doped and the undoped regions. The undoped region contains titanium

dioxide TiO2 and the doped region contains poor-oxygen titanium dioxide TiO2−x.

The undoped region contains more oxygen vacancies than the doped region and has

high resistance, whereas the doped region acts as a semiconductor due to positive

dopants and has low resistance. Both the doped and undoped regions are modelled as

resistors and the result is equivalent to two resistors in series, as shown in Fig. 2.4(b).

Memristor switching is based on the voltage and current passing through it. Its

resistance changes from high resistance state (HRS) Roff to low resistance state (LRS)

Ron and vice-versa based on the bias of voltage applied to its terminals. Ohm′s law,

as shown in Eq. 2.8, describes the relationship between current and voltage of a

memristor. In Fig. 2.4(a), D represents the total length of the device (the doped and

the undoped region) and w represents the length of the doped region.

Doped Undoped

TiO2

w

D

TiO2-x

p n p n

(a) (b)(a)

RH RL

Created by Unlicensed Version

Created by Unlicensed Version

Created by Unlicensed Version

(b)

Figure 2.4: (a) TiO2 Memristor model structure and (b) equivalent circuit.

V (t) = M(t)i(t) (2.8)
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The mathematical model for the resistance of a memristor M is as follows [82]:

M(t) = Ron
w(t)

D
+Roff

(
1− w(t)

D

)
(2.9)

The state variable w is defined as:

dw(t)

dt
= µv

Ron

D
i(t) (2.10)

w(t) = µv
Ron

D

∫ t

0

i(t)dt (2.11)

where µv represents the average mobility of ions.

2.2.2 Memristor Applications

After the realisation of the first memristor model, researchers have initiated signifi-

cant experiments to illustrate the applications of memristors in different areas. As

a result, memristors have been proposed for a broad range of applications, such as

neuromorphic systems [32, 61, 77] non-volatile memories [83], chaotic circuits [8, 57]

and logic circuit designs [93, 102]. Neuromorphic system designs have gained lots of

attention since the invention of the memristor. To simulate neurons and synapses

in an electronic regime requires an implementation with very low power consump-

tion. As a result, electronic synapses are more difficult to simulate. However, the

memristor structure mimics the biological synapse. Thus, memristors are gaining

significant interest in this area as they can be used as a synapse with negligible power

requirements [32, 61]. It has been demonstrated experimentally [61] that a memristor

emulator is designed with three electronic neurons connected by two memristor em-

ulator synapses, which shows associative memory function. Memristors are also used

to replicate the functionality of synapses in [32, 77] to create efficient neuromorphic

hardware systems with high density and connectivity. Controlled voltage pulses are

utilized to alter the conductance of a memristor in the same way as neuron spikes are

used to alter synaptic weights during the learning process in the human brain.
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Another widely researched application area for memristors is non-volatile memory

design, and memristors are becoming more viable candidates in computing memories.

Memristors are replacing transistors (which are used in conventional memory) in

the design of denser memory structures as they are used as the main memory cells.

It is also possible to construct hybrid CMOS/memristor memory structures using

CMOS building blocks for the control and peripheral circuits and the memristor as

the memory unit [83].

Another interesting application of memristors is logic circuits. The use of mem-

ristors has been proposed in many different ways to perform logic operations. Mem-

ristors are associated with CMOS structures in certain logic families to perform logic

functions while voltage levels represent the logical values. Moreover, memristors can

also be used as computational components inside logic gates [93, 102] or as reconfig-

urable switches for FPGA-like architectures [7, 81, 83]. In another method, memris-

tors are the primary building blocks as the resistance of the memristor is considered

as the logical state, where logic 0 is represented by high resistance and logic 1 is

represented by low resistance [7]. This method is ideal for architectures of crossbar

arrays and it can be implemented into a regular crossbar based on a memristor, which

is widely used for memories [75].

The chaotic system is one of the useful applications of the memristor, where the

memristor as a non-linear device can be used for random number generation and

encryption. Chua designed the memristor model [31] to generate a chaotic attractor

with negative conductance and a capacitor. It was clearly based on simulation, but

memristor-based chaotic systems were initiated by simplicity and functionality. The

simple chaotic oscillator [57] is demonstrated using an inductor-capacitor-memristor

series circuit. A HP memristor based chaotic circuit is published in [8]. In this circuit,

two memristors are used in an antiparallel connection.
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2.2.3 Memristor Modelling

Since the exciting 2008 discovery of non-volatile memristive behaviour in titanium

dioxide (TiO2)-based nanofilms at HP Labs [82], both academia and industry have

been searching for innovative memristive materials and manufacturing technologies.

There are already numerous device models that attempt to characterize both the cur-

rent–voltage (i–v) behaviour and the device dynamics. Memristors are applicable to

a wide variety of applications. In each application, different memristor characteristics

are expected. An element with the ability to calculate, control, and store data after

calculation is required in logic and memory applications. They must be able to read

and write quickly. A suitable model is required to design, evaluate, and simulate

memristor-based circuits and applications. The model with fast switching time and

higher Ron and Roff is required for memristor based neural applications. The higher

ratio between Ron and Roff resistances is also required for storing Boolean data in

a memristor. Other essential properties for memristor applications are scalability,

low power consumption and compatibility with conventional CMOS. This section

will describe the most significant memristor models and window functions currently

available.

2.2.3.1 Linear Ion Drift Model

A linear ion drift model is proposed in [82]. In this model, it is assumed that a

physical device of width D consists of two regions. One region named as w contains

a high concentration of dopants that is the state variable of the system and the other

region of width (D − w) is the oxide region. The region includes the dopants has

a higher conductance than the oxide region. Hence, the device is modelled as two

resistors are connected in series and it is assumed that the linear ion drift and ohmic

conductance are in uniform field, and the average ion mobility rate of the ions is equal

µv. The i-v relationship of this model is shown in Fig. 2.5 for sinusoidal input pulse.

The following equations describe the linear model:
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v(t) = M(t)i(t) (2.12)

where M(t) is the memristance of the memristor which is described as:

M(t) = Ron
w(t)

D
+Roff

(
1− w(t)

D

)
(2.13)

The Eqn. 2.12 becomes 2.14 by substituting the Eqn. 2.13 in Eqn. 2.12

v(t) =

(
Ron

w(t)

D
+Roff

(
1− w(t)

D

))
i(t) (2.14)
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Figure 2.5: I-V characteristic of linear ion drift model.

2.2.3.2 Window Functions

The major issue in the linear model is boundary issue. The window function is used

to prevent the state variable to go beyond its defined bounds [0 D] and also add

non-linearity close to the boundaries. When the state variable w is at the boundaries,
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its derivative is multiplied by a window function so that it is forced to 0. Some of the

major window functions and their properties are listed in the Table 2.1.

Table 2.1: Comparison of window functions.

Window Function Joglekar [34] Biolek [6] Prodromakis [64]

f(w) 1− (2w/D − 1)2p 1− (w/D − stp(−i))2p j(1− [(w − 0.5)2 + 0.75]p

Impose nonlinear
Drift

Yes Yes Yes

Scalability No No Yes

Solve Boundary Effect No No Yes

Compatible Memristive Models Linear/Nonlinear/TEAM Linear/Nonlinear/TEAM Linear/Nonlinear/TEAM

Symmetric Yes Yes Yes

2.2.3.3 Non-Linear Ion Drift Model

A voltage-controlled memristor with non-linear relationship between the voltage and

the internal state derivative is considered as non-linear ion drift model. It was pro-

posed in [35] and also shows asymmetric behaviour of switching. In this model, the

state variable w is bounded between zero and one. The following equation shows the

relationship between current and voltage in this model.

i(t) = w(t)nβ sinh (αv(t)) + χ [exp (γv(t))− 1] (2.15)

where α, β, χ, γ are the fitting parameters of the device and n is the variable that

defines how the state variable affects the current. The state variable w will be close to

1, while the device is in ON position, and the current is determined by β sinh(αv(t).

The current is estimated by χ[exp(γv(t)) − 1], w will shift close to 0 when it is in

OFF position.

The differential equation of state variable w is defined as:

dw

dt
= af(w)v(t)m (2.16)

where f(w) is a window function and a and m are constants.
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2.2.3.4 Simmons Tunnel Barrier Model

In [62], a more detailed physical model was proposed. Due to an exponential de-

pendency on the movement of the ionized dopants, that is, changes within the state

variable, this model assumes nonlinear and asymmetric switching behavior. There

is a resistor in series with an electron tunnel barrier in this model, rather than two

resistors in series as in the linear drift model. The state variable w represents the

width of the tunnel. The current and voltage relationship in Simmons tunnel model

is defines as:

i(t) = Ã(x, vg)φ1(vg, x) exp
(
−B(vg, x) · φ1(vg, x)1/2

)
− Ã(x, vg) (φ1(vg, x) + e|vg|)

× exp
(
−B(vg, x) · (φ1(vg, x) + evg)

1/2
)

(2.17)

vg = v − i(t)Rs (2.18)

2.2.3.5 ThrEshold Adaptive Memristor (TEAM) Model

The Simmons tunnel barrier model is the most precise physical memristor model.

However, without an explicit relationship between current and voltage, this model is

very complex and not generic in nature. The TEAM model is proposed in [41] and

is considered as a simple and generic memristor model. As it has undefined current-

voltage relationship which can be uninhibitedly chosen from any I-V relationship.

The relationship between current and voltage in this model is defined by the

following equations as the state variable x of the memristor changes linearly.

v(t) =

[
Ron +

Roff −Ron

xoff − xon
(x− xon)

]
· i(t) (2.19)

The memristance changes in TEAM model depends on the state variable x exponen-
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tially and current-voltage equation becomes

v(t) = Rone
(λ/xoff−xon)(x−xon) · i(t) (2.20)

where λ is a fitting parameter and Ron and Roff are resistance at the boundaries,

which fulfil
Roff

Ron

= eλ (2.21)

2.2.3.6 Voltage ThrEshold Adaptive Memristor (VTEAM) Model

The VTEAM model is an extension of the TEAM model proposed by Kvatinsky

et al. [42]. As opposed to the TEAM model that depends on threshold current, the

VTEAM model exhibits a threshold voltage. For some logic and memory applications,

a threshold voltage memristor is more suited than a threshold current memristor

models. The VTEAM model combines the benefits of the TEAM model with the

addition of a threshold voltage rather than a threshold current. The VTEAM model

has an undefined current-voltage relationship that can be chosen freely from any of

the current-voltage characteristics. The following equations represent the voltage-

controlled time-invariant memristor device:

dw

dt
= f(w, v) (2.22)

i(t) = G(w, v)v(t) (2.23)

where w and v(t) are the state variable and voltage of the memristor device.

f(w, v) represents the function of the derivative of the state variable w. G(w, v) is

the conductance of the device and i(t) represents the current passing through the

device. In the VTEAM model, the derivative of the state variable is represented by

Eq. 2.24
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dw(t)

dt
=





koff

(
v(t)
voff
− 1
)αoff

foff(w), 0 < voff < v

0, von<v<voff

kon

(
v(t)
von
− 1
)αon

fon(w), v < von < 0

(2.24)

where koff , kon, αoff , αon are constants. koff and kon represent positive and negative

values. The functions foff (w) and fon(w) represent the state variable w’s dependency

on the derivative of the state variable. These functions act as window functions,

limiting the state variable to w ∈ [won, woff ] limits.

dx

dt
= g ((V (t)) f (x(t)) (2.25)

Fig. 2.6 shows the I-V relationship of the VTEAM model for sinusoidal.

%legend('X/D');

end

11

LRS HRS

Figure 2.6: I-V characteristic of VTEAM.

2.2.3.7 Yakopcic Memristor Model

This memristor model is proposed in [98] based on the current-voltage relationship

proposed in [45]. The switching behaviour of this model is similar to the one presented

in [62]. The model uses several fitting parameters to simulate the effects of the various

devices due to the broad variance in the design and function of the memristor devices.
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This model is designed to use in the applications where fast switching time is required

like high speed neuromorphic circuits. In this thesis, most of our memristive neural

network implementation is based on this memristor model. The I-V relationship of

this device model is defined by

I(t) =

{
a1x(t) sinh (bV (t)), V (t) ≥ 0

a2x(t) sinh (bV (t)), V (t) < 0
(2.26)

where x(t) is the state variable and a1, a2 and b are the fitting parameters.

The I-V characteristic equation of this memristor model shown in Eq. 2.26 is based

on hyperbolic sinusoid to account for the metal insulator metal junction. Beyond

a specific voltage threshold, the device’s conductivity increases due to hyperbolic

sinusoid shape. The three parameters a1, a2 and b shown in Eq. 2.26 are used to

determine a particular type of memristor model. The thickness of the dielectric layer

in the memristor is represented by a1 and a2 and the parameter b is related to the

conductivity of the device.

In this model, the change of the state variable depends on two functions g(V (t))

and f(x(t)) as shown in Eq. 2.27 and Eq. 2.28, Eq. 2.29. The function g(V (t)) is

used to implement the threshold voltage that must be exceeded to cause a change

in the value of the state variable. To ensure that g(V (t)) starts from zero once the

voltage threshold is crossed, an exponential value subtracted from the equation in

the simulations is used as a constant term. The voltage thresholds at the positive

and negative leads of a memristor model are (Vp, Vn). Depending on the current

state of the device, the function f(x(t)) is used for the partition of the state variable

motion into two separate regions. Until the point xp or xn, the state variable motion

is constant. At this point, the movement of the state variable is restricted by an

exponential function decaying at a rate of p or n.

23



g(V (t)) =





Ap
(
eV (t) − eVp

)
, V (t) > Vp

−An
(
e−V (t) − eVn

)
, V (t) < −Vn

0, −Vn ≤ V (t) ≤ Vp

(2.27)

f(x) =

{
e−αp(x−xp)wp(x, xp), x ≥ xp

1, x < xp
(2.28)

f(x) =

{
eαn(x+xn−1)wn(x, xn), x ≤ 1− xn
1, x > 1− xn

(2.29)

The function Wp(x, xp) is a window function in Eq. 2.30 that assures f(x) equals

0 when x(t)=1. When the current flow is reserved, wn(x, xn) in Eq. 2.31 prevents

x(t) from becoming less than 0.

wp(x, xp) =
xp − x
1− xp

+ 1 (2.30)

wn(x, xn) =
x

1− xn
(2.31)

In each of the memristor devices, Eq. 2.32 is employed to simulate state variable

motion. The parameter η in the equation is used to identify the direction of the state

variable motion.

dx

dt
= ηg ((V (t)) f (x(t)) (2.32)

The I-V relationship of this memristor model is shown in Fig. 2.7 for sinusoidal

voltage.

Table 2.2: Comparison of different memristor models.

Memristor
Model

Linear Ion
Drift Model [14]

Non-linear Ion
Drift Model [35]

Simmons Tunnel
Barrier Model [62]

TEAM
Model [41]

VTEAM
Model [42]

Yakopcic
Model [98]

Control
Structure

Current Voltage Current Current Voltage Voltage

State
Variable

0≤w≤D 0≤w≤1 aoff≤w≤aon xoff≤w≤xon woff≤w≤won 0≤w≤1

I-V
Relationship

Explicit Explicit Ambiguous Explicit Undefined Ambiguous

Threshold
Existence

No No Practically exists Yes Yes Yes

Generic No No No Yes Yes Yes

Accuracy Low Low High Sufficient Sufficient Moderate
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Figure 2.7: I-V characteristic of Yakopcic memristor model.

2.2.4 Artificial Neural Networks

The human brain is the inspiration of artificial neural network. Neurons and synapses

are two basic elements of any neural network. In Artificial Neural Networks (ANNs),

hundreds of neurons are connected with synapses and organized in single or multiple

layers. Each synapse contains the weight parameter. Each neuron constitutes the

weighted sum of inputs and passes the information to the threshold function as rep-

resented by Eq. 2.33. The threshold function provides non-linearity to the network.

Fig. 2.8 shows a basic structure of a neural network. Weight parameters can be ad-

justed according to learning rule during training process. Numerous neural network

structures have been developed for pattern recognition, character recognition, control

signal and so on. Feedforward neural networks, Convolutional neural networks and

Recurrent Hopfield neural networks are some of the examples of ANNs.

Yj = F (
∑

i
XiWi,j + b) (2.33)

Xi and Wi,j represent input and weight for each neuron and b is the bias in the

network.
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Figure 2.8: The basic structure of a neural network.

2.2.5 Memristor Crossbar Array

x

y

V=MIN(x,y)
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M2

(a) (b)
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n

(c)

x

y

M2

M1

V=MAX(x,y)

(a)

Memristor

(b)

Figure 2.9: (a) Symbol of a single memristor and (b) memristor crossbar circuit.

Memristor crossbar architecture, comprises a horizontal and a vertical set of bars

that lies perpendicular to on each other. A memristor is positioned between each

horizontal and vertical intersection as shown in Fig. 2.9. Highly dense structure

can be built using memristor crossbar due to its independent access of each device

in the crossbar without any interference from other devices. One of the nanowires

connects devices in the same row together and another nanowire connects devices in
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the same column together. The value of each device can be programmed by applying

the balanced voltage to the row (column) of the desired device and the corresponding

row (column) are grounded. The remaining lines are left floating or partly biased as

discussed in later sections.

2.2.6 Vector-Matrix Multiplication in the Memristor Cross-
bar Array

Matrix-vector multiplication in the memristor crossbar array provides high accuracy,

fast computation, and low design cost [29]. In the memristor crossbar used for neu-

romorphic systems, any continuous range of conductance values can be stored in

memristors. The memristor crossbar array is ideally suited for neural network im-

plementation by nature. Firstly, the memristor crossbar array has the fundamental

property of supporting a large number of signal connections in a small footprint,

which is one of the most significant characteristics of any synapse network. Secondly,

the operation that dominates in a model of a memristor-based neural network is the

weighted combination of input signals, which imitates the dendritic potential [65].

The memristor crossbar structure N×M shown in Fig. 2.10(a) is assumed to demon-

strate its vector-matrix multiplication functionality where I = V×M [63, 71]. Here,

V is the vector of inputs denoted as V = {V1, V2....Vn} that are applied to the rows

simultaneously. The matrix M is the matrix of N×M whose coefficients are the con-

ductance values of memristors at each crosspoint and the currents flowing through

the columns are represented by the vector I = {I1, I2...Im}. The dot product calcu-

lation at the end of each column is shown in Fig. 2.10(b). Assume that G1,1 is the

conductance value of memristor M1 at row and column 1 and G2,1 is the conductance

of memristor M2 at row 2 and column 1. When the voltage V1 is applied to row R1, a

current I1 at column G1 is given by I1 = V1 ∗G1,1. Similarly, if a voltage V2 is applied

to row R2, the current I2 in column G1 is calculated as I2 = V2 ∗ G2,1. The total

current I at the given column G1 is given by I = I1 + I2, i.e. V1 ∗ G1,1 + V2 ∗ G2,1

that is the sum of the dot product of the vectors {V1, V2} and {G1,1, G2,1}.
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Figure 2.10: (a) A memristor crossbar based vector-matrix multiplication and (b) dot product at
the bottom of each column.

2.3 Literature Review

In this thesis, we designed and implemented memristive neural circuits using our im-

proved learning method and activation function. We also analysed the fault tolerance

of memristive neural networks and evaluated the yield of the memristor crossbar array.

Hence, Section 2.3.1 describes some of the existing neural circuits based on memris-

tors. Section 2.3.2 gives a brief description of the write and read operations used in

memristive neural networks. The overview of training methods for memristor-based

neural networks is described in Section 2.3.3.

2.3.1 Memristor based Neural Network Circuits

A number of studies investigated memristor-based synapse, neuron, and neural net-

work circuit designs. A number of neural architectures are proposed based on mem-

ristors. In this section, we introduce some existing memristor-based neural circuits.

Some of these structures use single memristors and some use pairs of memristors to

gain higher synaptic density and connectivity in the design of neural circuits. Thus,

the study shows that the memristor crossbar circuits used in neuromorphic systems

inherently provide high synaptic density and connectivity.
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2.3.1.1 Neuromorphic Memristor Crossbar Array

For the first work on memristor-based neuromorphic designs [3, 70, 76, 77, 105], a

memristor crossbar array is used to connect rows of pre-synaptic and post-synaptic

neurons like a grid. Additionally, it has also been demonstrated that memristors can

be used to implement Spike Time Dependent Plasticity (STDP) learning in a manner

similar to biological synapses. The work proposed in [105] demonstrates that the

memristor crossbar grid can be used to implement highly dense neural networks in

visual image processing. Some of these studies did not use any circuit level simulator

like SPICE to demonstrate, while others used EDA tools for implementation but did

not mention how the sneak-paths affect the circuit level simulation in memristor-based

neuromorphic networks.

2.3.1.2 Single Memristor based Memristive Neural Structures

Single memristor-based single neuron circuits that require low power have been de-

veloped for self-training [88] and supervised learning [68]. A circuit proposed in [10]

represents a single synapse circuit and its simulation in HSPICE shows that it is able

to operate similarly to biological learning. A Hebbian learning mechanism is used

in this paper. To illustrate associative memory using a fundamental memristor cir-

cuit, a simple memristor-based neural network is developed and demonstrated in [61].

This network is implemented by simulating 2 memristors and 3 CMOS neurons using

microcontrollers. All these circuits demonstrate that a memristor could be used as a

synaptic weight, which is an interesting possibility. However, these publications do

not explain how large multi-neuron systems based on memristors can be utilised to

solve problems.

2.3.1.3 One Transistor One Memristor Circuit (1T1M)

The performance of a memristor is analysed [101] based on a 1T1M crossbar struc-

ture using SPICE simulation. The circuit is designed so that each of the memristors

can be independently written to and accessed without interfering with the operation
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Figure 2.11: 1T1M structure.

of the other devices due to the presence of alternate current paths. A dot product

engine [29] has also been developed using the 1T1M crossbar structure to execute

vector-matrix multiplication in neuromorphic computing. Each crosspoint of a 1T1M

crossbar circuit contains an isolation transistor that allows an individual memris-

tor access as shown in Fig. 2.11. During write/read operations, this approach iso-

lates/blocks unselected memristor cells such that no current flows through them. This

architecture has minimum power consumption since only selected cells have current

paths. Even though sneak-paths were minimised, the most significant disadvantage

of this structure is the additional area required by these added transistors; which has

a negative impact on the array density and footprint of the architecture. Moreover, in

3-D integration, layer-by-layer stacking is much harder to implement with the 1T1M

architecture than with the 0T1M architecture [40]. The memristor neural circuit pro-

posed in [78] uses two transistors and one memristor for a single synapse. The circuit

is implemented on-chip using an online gradient decent training algorithm.
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Figure 2.12: 0T1M structure.

2.3.1.4 Zero Transistor One Memristor Circuit (0T1M)

The 0T1M crossbar circuit does not contain any isolation transistors (or other devices)

at the cross points. A single memristor at each cross point is used in this circuit design,

as shown in Fig. 2.12. Thus, this crossbar circuit provides more density than the 1T1M

crossbar structure, which is desirable for ex-situ training in memristor-based neural

networks. However, the read from a 0T1M crossbar is a bit challenging because

of the lack of isolation devices. Non-linear separable functions are trained using a

memristor-based crossbar [96]. A multi-layer neural network is also implemented

using a memristor-based crossbar circuit without any isolation device [26]. However,

in-situ training is provided in these papers.

2.3.1.5 Memristor Bridge Circuits

Memristor bridge circuits are proposed [2, 38] where four identical memristors are

used to store synaptic weights as shown in Fig. 2.13. Here, M1, M2, M3 and M4

represent the memristance of memristors with positive and negative polarities. Vin

and Vout represent voltage applied at the input and output, respectively. Based on

the sensed voltage, these bridge circuits have the ability to perform positive, zero
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or negative synaptic weighting. When a strong positive or negative pulse is applied

to the input, the memristance of each memristor increases or decreases based on its

polarity. The advantage of this circuit is that it has the ability to provide both the

polarities (positive and negative) on weighted products. However, these architectures

have the disadvantage of requiring weight programming (to adjust the weights) and

weight processing (via a specific circuit). The application of these circuits in a crossbar

array for large-scale pattern recognition has not yet been investigated.

Vin Vout

M 1

M4

M
2

M3

+

-

+
+

+
+-

-
-

-
Figure 2.13: Memristor bridge circuit.

2.3.1.6 Memristive Crossbar with Constant-term Circuit

A new memristor-based crossbar array architecture is proposed [85] where a single

memristor crossbar array and constant-term circuit are used to represent synaptic

weight as shown in Fig. 2.14. Here, Vin,j is the input voltage at the jth row, gj,k

represents the conductance of the memristor between the jth and kth column and

Vout,k is the output voltage at column k. The final output is calculated with (1/Rb −
g−j,k), where 1/Rb is the conductance of the constant term circuit. If gj,k > 1/Rb, it

gives the negative polarity. If, on the other hand, gj,k < 1/Rb, it gives the positive

polarity. Thus, it provides both positive and negative polarity on a weight product.

However, the application of these circuits in a large crossbar array has not yet been

implemented.
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Figure 2.14: Memristor crossbar with constant-term circuit.

2.3.1.7 The Copy Memristor Crossbar

The circuit used in [47] utilized two crossbars (one original and one copy) for the same

weight values. The copy crossbar is not directly connected to the input layer. One

crossbar is used for error propagation in the forward direction, while the other version

is utilised in the backward direction. It is difficult to save an exact copy of the mem-

ristor crossbar without a complicated feedback write mechanism, as the memristors

frequently contain some degree of noise due to their switching characteristics.

2.3.2 Write and Read Operations in Memristive Crossbar
Array

Programming a memristor crossbar is a bit difficult since there is a substantial amount

of variation existing between different memristor devices [104]. When the identi-

cal voltage pulses are applied to write different memristors, this results in different

amounts of resistance changes in these different devices in the crossbar. As a conse-

quence of this, at each step of iteration, a new updated pulse is applied and the new
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state of the memristor device is calculated. Thus, this is called an iterative feed-back

writing process.

The read operation is more challenging than the write operation due to alternate

current paths (called sneak-paths) in the memristor crossbars [48]. These sneak paths

have more effect on large memristor crossbars than on smaller ones.

2.3.2.1 Write Operations in Memristor Crossbar

Various research [32, 63] showed that there is a significant relationship between the

memristor’s conductance change, voltage amplitude, and pulse width. Programming

a memristor in the crossbar includes a suitable write voltage across it. The write

voltage (Vw) should be greater than the threshold voltage (Vth) [20]. During a write

operation, only the desired memristor should receive the Vw pulse. The write voltage

(Vw/2) is applied to the selected row in which a memristor has to be written while the

voltage (−Vw/2) is applied to the selected column and vice-versa in order to increase

or decrease the value of the desired memristor as shown in Fig. 2.15. The rest of the

rows and columns are set to 0 volt.

	

v	

v	 v	 v	

			Vw/2	

			-Vw/2	

			0	V	

			0	V	

			0	V	

			0	V	 			0	V				0	V	
(a)

	

v	

v	 v	 v	

			-Vw/2	

			Vw/2	

			0	V	

			0	V	

			0	V	

			0	V	 			0	V				0	V	
(b)

Figure 2.15: Writing a single memristor (represents with blue dot) in crossbar shows (a) increase the
memristor’s conductance (upward arrow) and (b) decrease the memristor’s conductance (downward
arrow).

The voltage shown in Fig. 2.16 is the write voltage pulses that are applied to the

memristor crossbar. The Vth is considered as 4V [97]. It shows two write pulses, one

is applied to the row and the other is applied to the column of the desired memristor.
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Thus, the desired memristor achieves the voltage above threshold. The write voltage

is set to 2.5V and -2.5V for row and column, respectively, to increase or decrease the

memristance during write operation.

The state variable value of a memristor lies between 0 and 1, and it corresponds

to the change in conductance value of each memristor. Fig. 2.17 represents the state

variable value. It shows how the memristor value changes while applying the write

pulses.
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Figure 2.16: Write voltage pulses.

2.3.2.2 Read Operations in Memristor Crossbar

In this section, we described two of the reading schemes that are widely used to read

memristors in the implementation of memristive neural circuits. (a) Voltage divider

based read circuit (b) Transimpedance amplifier based read circuit. We also used

these techniques to implement memristive neural circuits in this thesis.

Voltage Divider based Read Circuit: As we mentioned earlier, the read oper-

ation is a bit challenging compared to the write operation. The read voltage (Vr)
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Figure 2.17: Memristor state variable value.

should be less than the memristor threshold voltage (Vth) so that it cannot affect the

memristance value. The state of a memristor can be read by using the voltage di-

vider sensing technique. A sense resistor (Rs) is connected in series to the memristor

in order to convert the current from the memristor into a voltage signal. The read

voltage (Vr) is applied to the row of the desired memristor and 0V to the rest of the

rows in order to read a single memristor as shown in Fig. 2.18. The output voltage

(Vo) and current (Io) are computed according to Eq. 2.34 and Eq. 2.35. It represents

the output of the voltage divider between the sense resistor and the resistance (Rm)

of the memristor itself.

Vo

Vr
Rm

Vo

Rm

Vr

Rs

Rs

Figure 2.18: Reading the desired memristor in the crossbar using voltage divider.
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Vo = Vr
Rs

Rs +Rm

(2.34)

Io =
Vr

Rs +Rm

(2.35)

Read Circuit with Amplifier: In this read circuit, a transimpedance amplifier is

used at the end of the corresponding column of the memristor crossbar as shown in

Fig. 2.19. A read voltage, −Vr is applied to the corresponding row of the memristor

crossbar array and 0V is set to the rest of the columns and rows in the crossbar in

order to read a single desired memristor in the crossbar array. The output voltage V0

is calculated as shown in Eq. 2.36. Here, Vr and Rf are constants and Vo is only the

function of Rm.

Vo =
VrRf

Rm

(2.36)

Rf

Vo

-Vr

0 V

0 V

0 V

Rm

Vo

Rm

Rf

-
+

-+

-Vr

Figure 2.19: Reading the desired memristor in the crossbar using amplifier.

2.3.3 Training Methods

The training process is one of the major parts of any neural network. During the

training process, a network is trained using some learning algorithms like perceptron

learning [67], backpropagation [69] and the weights are updated. There are basically
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two training methods that can be used to implement memristive neural networks:

ex-situ and in-situ training methods [5].

2.3.3.1 Ex-situ Training

The work presented in [5, 37, 95] is based on ex-situ training. In the ex-situ approach,

training is provided in software; weights are calculated and then calculated weights are

imported into the physical memristor crossbar. Thus, an on-chip training circuit is not

required in this approach. Individual memristor devices in the memristive crossbar

array are programmed to set the pre-determined weight value of a memristor. A

sequence of write and read pulses are applied to alter the conductance of a memristive

device. The key benefits of ex-situ training are that any complex learning algorithm

could be considered to train the network and these are easy to implement. However,

it is less efficient than the in-situ method while importing the pre-determined weights

into the networks and this approach is less tolerant to stuck at faults in crossbars.

The key issue in ex-situ training is the programming of the memristor crossbar due to

the variability of different memristive devices. Thus, applying the same voltage pulse

to a similar set of memristors does not necessarily result in the memristors having

similar final conductance values. Moreover, the feedback programming process [4] is

required to programme the individual memristor to achieve target resistance within

the precision boundary. Higher precision weight values would be required for the

implementation of complex neural networks [5, 95].

2.3.3.2 In-situ Training

The work in [5, 37, 47, 78] used the in-situ training approach to implement neural

circuits based on memristors. The in-situ method utilizes a physical memristor cross-

bar to represent the weights and network during the training process. The weight

adjustment of all the memristor devices in the network is implemented in hardware

during the training process because the training circuit is directly on the chip and the

training data is used to programme the memristor crossbar. Thus, it provides a more
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efficient and parallel weight update process than the ex-situ approach. However, up-

dating the weight of each memristor device is a lengthy and time-consuming process.

The main problems with in-situ training are the existence of diffusion in the switching

behaviour of memristors and the fact that the rate of change of conductance depends

not only on the voltage pulses but also on the current state of the memristor [5].

At this level of hardware memristive neural network implementation using these

training methods, there is a high requirement for finding efficient mapping schemes

and crossbar designs to achieve fast and accurate dot product operations. There is

also a need to find more efficient ways of tuning memristor resistance values [29].

2.3.4 Activation Functions in Memristor-based Neural Cir-
cuits

A nonlinear differentiable activation function is required in any multi-layer neural

network as described in Section 2.2.4. The widely used activation functions are sig-

moid, tanh and the rectified linear unit (ReLU) [1, 5, 25, 26, 29]. The work in [2]

used a set of transistors to perform an activation function. Along with the memristor

bridge circuit, a separate circuit consisting of set of a transistors is used to implement

the activation function.

The work presented in these papers [26, 29, 95] used operational amplifiers to

perform activation functions. The activation function implemented in [26] closely

approximates the activation function as shown in Eq. 2.37

f(x) =
1

1 + e−x
− 0.5 (2.37)

The activation function implemented in [29] as shown in Eq. 2.38, which closely

approximates the Softmax function.

f(x) =
1

1 + exp(−x)
(2.38)
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The work [95] implements an activation circuit that is relatively close to the sigmoid

activation function. To achieve this desirable function, an amplifier at the output of

the circuit is used to activate the non-linearity of the circuit. To simulate the amplifier

transfer function, a piecewise linear equation with a slope and a set of bounds is used.

Most of the activation functions in these papers are implemented using operational

amplifiers which incur significant hardware overhead and closely approximates the

sigmoid function.

2.3.5 Fault-tolerance and Yield of Memristor-based Circuits

The performance of memristor-based neuromorphic systems can be affected by vari-

ations in conductance values, operational faults, manufacturing defects, and other

factors [11, 86, 91]. In the majority of cases, neural networks can tolerate a lim-

ited number of defective synaptic weights; however, a high defect rate drastically

reduces the accuracy of matrix-vector calculations. The retraining and weight map-

ping procedures are utilised to train the neural network containing defective memris-

tors [12, 86, 107]. A low manufacturing yield is still a major challenge in a Resistive

RAM (RRAM)-based computing system (RCS) due to the limitations of the imma-

ture fabrication technology. Researchers [11] claim that only 63% of the RRAM cells

on a 4-Mb HfO2-based RRAM test chip are fault-free, and roughly 10% of the RRAM

cells on the device are affected by Stuck-at-Faults (SAFs). Due to manufacturing de-

fects, the memristors can be stuck-at a low or high resistive state, which can degrade

the performance of memristor neural circuits [11, 86, 108].

The proposed retraining techniques [12, 50] tolerate SAFs by using the inherent

fault tolerance of neural networks. This strategy is useful when it is possible to re-

train a fault-tolerant network with comparable recognition accuracy. However, when

the proportion of faults exceeds the inherent fault tolerance of the neural network,

performance will be degraded. The work in [49, 92] proposed approaches where the

memristors or rows are swapped to reduce the overall errors. The rows are swapped
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frequently to reduce the error. However, the approach requires one to go back if the

current step leads to the worst solution.

The researchers proposed methods [11, 92] to diagnose the faulty memristors.

In [11], memristor cells are tested in a way that is similar to the way conventional

RAM is tested. This proposed approach is called March C* testing, which is similar to

conventional March testing [9]. This method tests each cell one at a time. However,

it is a time-consuming process to test large crossbars. In [92], faulty memristor cells

are tested by using a combination of March testing and sneak-currents generated

by stuck-at-memristors to reduce testing time. It is assumed that such currents are

generated in a certain region of the crossbar. This method requires fewer cycles, up

to 30% fewer than the method proposed in [11].
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2.4 Summary

This chapter covered the detailed description of memristor related concepts and the

artificial neural network. Existing memristor models are also discussed. Memristor-

based crossbar architecture is also explained. This chapter also described the relation-

ship between the memristor and synapse and how a memristor crossbar array can be

used to compute the vector-matrix multiplication of a neural network. The literature

review section of this chapter identified and briefly reviewed the existing work related

to memristor-based neural circuits. The chapter also reviewed the training methods

and activation circuits used for memristive neural circuit designs. Fault-tolerance and

memristor-based yield evaluation are also reviewed in this section. Each of the works

reviewed has advantages and disadvantages. The work in this thesis is aimed towards

improving the design of memristor-based neural circuit and learning methods in order

to widen the neural application area of the memristor.
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Chapter 3

Baseline Research: High Level
Abstraction of Memristive Neural
Network

3.1 Introduction

The neuromorphic systems are gaining significant importance in an era where CMOS

digital techniques are reaching physical limits due to more power consumption, chip

area and complex structures [27, 28, 30]. High density and high connectivity are

required to build highly efficient and fast computing neuromorphic systems [32]. The

current CMOS technology does not provide high density and connectivity required

for neuromorphic systems. It also increases the design complexity of neuromorphic

systems as well as consumes much more power to perform neuromorphic functions.

Thus, the major bottleneck in the neuromorphic systems is to build high density

neural networks. Hence, the memristor appeared as a promising device in this research

area due to their nanoscale size, non-volatility and low power requirements. A major

benefit of using memristors is their ability to produce high density crossbar arrays.

In this chapter, high level memristor modelling in C++ is presented. Numerous

ways of memristor modelling in SPICE [6, 43], Verilog A [24, 44] and MATLAB [23,

106] have been developed but barely any model exists in literature that is developed

in high-level languages especially in C++. The results of the C++ tool were verified

against those of the LTspice tool. A smaller memristor crossbar based neural network
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(2-bit parity function) can be simulated in less than a minute by the developed C++

script. The same crossbar needs extra design, and training work in LTspice with

simulation time in hours (Approx. 5 hours). As the crossbar size increases, the

simulation time in LTspice increases. The key to implementing neural network using

memristor model simulated in this platform is to motivate the successful simulation

of massive neural networks using this platform in the near future and to reduce

simulation time of large neural networks. Electronic Design Automation (EDA) tools

increase the complexity of connectivity of massive neural networks and take more time

to simulate. As the size of the memristor crossbar increases, the simulation time also

increases. Implementation of complex learning algorithms is another major problem

in hardware neural network. For example, backpropagation algorithm is very useful

learning scheme in neural networks. However, its implementation in hardware neural

network is difficult due to synapse design and computation complexity.

The chapter starts by describing the characteristics of memristor as synapse in

Section 3.2. It also explains the memristive structures and how these structures are

utilised to implement dense neural networks. The Section 3.3 proposes the implemen-

tation of high level memristor models in C++. A single layer and multi-layer neural

networks are simulated and evaluated using C++ memristor model and demonstrated

the results in Section 3.4. The Section 3.4.3 presents pattern classification and the

results. The chapter is concluded in Section 3.5.

3.2 Memristor as a Synapse

The relationship between memristor and Spike Time Dependent Plasticity (STDP)

learning was first introduced in [3, 77]. Research in [32, 61] illustrates that mem-

ristors have the potentiality to associate memory and represent the learning and

memory effects in neural network due to their non-volatility. Memristors can pre-

serve the training output for a long time even without power source and imitate the

behaviour of biological synapse in brain. A memristor was fabricated with analog
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switching behaviour in [32] and it was demonstrated that it can be used as synapse

in neuromorphic applications. The conductance of the memristor can be altered by

directing charge or flux through it. Using high density crossbar grid, memristor can

achieve equal or higher synaptic density than that of brain tissue [77] due to its phys-

ical layout. Memristor crossbar structure has the capability of matrix storage and

vector-matrix multiplication. Various neuromorphic systems are developed by using

memristive crossbar circuits in [13, 100] which illustrates the potential of memristive

crossbar structure in massive neural network implementation. Hence, memristors

can be effectively used to build neural networks with a large number of neurons and

synaptic connections.

Numerous architectures are being proposed for the implementation of neural net-

work. A hardware architecture for multilayer neural networks is proposed in [2] based

on memristor bridge-synapse. Memristor bridge-synapse [38] considered as a prob-

lem solver of non-volatile weight storage in analog neural network implementation

and is able to perform the sign synaptic weighting. The research work in [63, 73]

experimentally demonstrates the fully operational artificial neural network and effec-

tive implementation of the locally competitive algorithm (LCA) for feature extraction

based on integrated memristor crossbar array.

3.3 High Level Memristor Models Simulation us-

ing C++

In this section, we simulated different memristor models with C++.

3.3.1 Memristor Model with Non-linear Ion Drift

We have implemented C++ memristor model based on the model proposed in [6].

We also used this model to implement memristive neural networks further in this

chapter. The Eq. 3.1 to Eq. 3.5 describe the mathematical modelling of this device.

V (t) = M(x)i(t) (3.1)
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M(x) = Ron(x) + Roff(1− x) (3.2)

Where,

x =
w

D
ε(0, 1) (3.3)

dx

dt
= Ki(t)f(x) (3.4)

K =
µvRon

D2
(3.5)

f(x) = 1− (x− stp(−i(t))2p (3.6)

Where,

stp(i) =

{
1, i ≥ 0

0, i < 0
(3.7)

xε[0, 1] will drift non-linearly when w is close to 0 or D. i is the current in a

memristor device. stp is a step function which behaves according to the bias of voltage

applied. p is a positive integer. As the value of p increases, the difference between

the linear and nonlinear drift models vanishes. The memristor model presented in [6]

yields the memristance values between Ron and Roff in continuous fashion. Hence, it

can be used to implement an analog synapse.

Fig. 3.1 represents the I-V curve obtained through C++ modelling for memristor

device described above. The sinusoidal voltage has been used as input to attain this

curve and considered Ron as 100Ω and Roff as 1KΩ. Fig. 3.2 shows the C++ code for

the memristor model equations mentioned above.

3.3.2 Yakopcic Memristor Model

This memristor model is proposed in [98] based on the current-voltage relationship

presented in [45]. The Eq. 3.8 shows the I-V characteristic of this memristor model.

The detailed description of this model is given in Section 2.2.3.6.
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Figure 3.1: (a) Input voltage and current pulses and (b) simulated I-V curve for given voltage.

I(t) =

{
a1x(t) sinh (bV (t)), V (t) ≥ 0

a2x(t) sinh (bV (t)), V (t) < 0
(3.8)

We have simulated this model with C++ and the I-V curve generated by C++

modelling for this memristor device is shown in Fig. 3.3(b). As an input, the sinusoidal

voltage shown in Fig. 3.3(a) is applied.

3.3.3 Voltage ThrEshold Adaptive Memristor (VTEAM) Model

To characterize the behaviour of voltage-controlled memristors, A Voltage ThrEshold

Adaptive Memristor (VTEAM) Model is proposed by Kvatinsky et al. [42]. This
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Fig. (1) displays the memristive crossbar structure. Crossbar
architecture provides the vector-matrix multiplication of inputs
and weights in an implementation of an artificial neural
network based on memristors. Voltage pulses represent the
inputs, Memristor conductance represents the synaptic weight
value and the dot product is given by:

SOP =
X

i
ViCi,j (1)

Eq. (1) Shows the sum product of the memristive crossbar.
Vi represents voltage at each row and Ci,j represents the
conductance corresponds to each row and column in crossbar.

III. C++ MEMRISTOR MODEL WITH NONLINEAR ION
DRIFT

We have implemented C++ memristor model based on [12].
Eq. (2) to Eq. (6) decribe the mathematical modeling of this
device.

V (t) = M(x)i(t) (2)

M(x) = Ron(x) +Ro↵(1� x) (3)

where,
x =

w

D
✏(0, 1) (4)

dx/dt = Ki(t)f(x) (5)

K =
µvRon

D2
(6)

Eq. (2) describes the relationship between current and voltage.
Vector i represents the value of current through memristor
and vector V represents the input voltage of memristor. M(x)
shows the total resistance of memristor i.e. the sum of doped
and undoped region of the memristor. w is the width of
doped region and D is the total length of the device. The
values of Ron and Ro↵ represent the minimum and maximum
resistances of the device respectively.The value of the state
variable x can be evaluated using Eq. (5) where µv represents
the mobility of the ions. An extensive electrical field can
be produced by small voltages. As a result, it can produce
significant nonlinearities in ionic transport. Hence, to model
the boundary condition and non-linear drift, a window function
f(x) is used as shown in Eq. (7).

f(x) = 1� (x� stp(�i(t))2p (7)

x will drift non-linearly when w is close to 0 or D.
The memristor model in [12] yields the memristance values
between Ron and Ro↵ in continuous fashion. Hence, it can be
used to implement an analog synapse.
Fig. (2) represents the I-V curve obtained through C++

modeling for memristor device described above. The sinu-
soidal voltage has been used as input to attain this curve and
considered Ron as 100⌦ and Ro↵ as 1K⌦. The listing 1 shows
the C++ code for the memristor model equations mentioned
above.
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Fig. 2: Simulated I-V curve for given voltage

void nonlinear()
{

double t0=0;
float X0=0.076;
vector<double> X;
X.push_back(X0);
vector<double> t;
t.push_back(t0);
int nsteps=1000;
double T=0.2;
B=(D*D)/UV;
K=Ron/B; //constant mentioned in Biolek model

double dt=(double)T/(nsteps);

for(int i=0; i<nsteps; i++)
{

t.push_back(t[i] + dt);
}

for(int i=0; i<t.size(); i++)
{

V.push_back(1*sin(2*PI*t[i]*10)); //input voltage

M.push_back((Ron*X[i])+(Roff*(1-X[i]))); //memristance

I.push_back((1*sin(2*PI*t[i]*10))/
((Ron*X[i])+(Roff*(1-X[i])))); //current

W.push_back(wfunction(X[i],p,I[i])); //window function

dx.push_back(dt*K*I[i]*W[i]);

X.push_back(X[i] + dx[i]); //state variable
}

}

Listing 1: C++ Code for Memristor Model Equations

// initial value of state variable

Figure 3.2: C++ code for memristor model equations.

model is explained in detail in Section 2.2.3.6. The current-voltage relationship for

this model is represented by:

i(t) = G(w, v)v(t) (3.9)

Fig. 3.4(b) shows the I-V curve simulated with C++ for the VTEAM model for

a given voltage shown in Fig. 3.4(a).

3.4 Memristor based Neural Network Simulation

This section explains the simulation of single-layer and multi-layer neural networks.

We performed different linear and non-linear separable functions on these networks.

For this implementation, we used high level memristor modelling in C++ as proposed

in the previous section.
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Figure 3.3: (a) Input voltage and current pulses and (b) simulated I-V curve with C++.

3.4.1 Single Layer Network Simulation

This section illustrates the classification of linear functions using a single-layer neural

network. Fig. 3.5 shows a single-layer perceptron network with two inputs and one

output. Each synapse contains some weight value. Then, each neuron multiplies the

input value with its correspondance weight value and passes the result to the next

neuron. The neuron at the output layer performs the activation function on the sum

product of input and weight values.
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Figure 3.4: (a) Input voltage and current pulses and (b) I-V curve simulated for VTEAM.

Let Xi represent the input values and Wj,i represent the weight values. Then the

dot product is calculated by:

Oj =
∑

i
XiWj,i (3.10)

and the final neuron output is given by:

Y = f(Oj) (3.11)

In Eq. 3.11, f is the activation function. Fig. 3.6 displays the corresponding
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Figure 3.5: A single layer perceptron network.
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Figure 3.6: Memristive crossbar schematic for single layer perceptron network.

memristive crossbar circuit for a single-layer perceptron neural network. The rows

represent the input values and the columns the outputs. X1 and X2 are inputs and

B is considered as bias in a memristive crossbar. Memristor acts as a synapse and

interconnects each row with a column. In a memristive crossbar, two memristors are

used for a single synapse so that a negative effect can be presented on total weight

values. Conductance values are considered as weights in the memristor based neural

network. Weight values are calculated and updated according to the conductance

values of memristors in a neural network. The value of W in the memristive crossbar

circuit is given by:

W = W+ −W− (3.12)
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The C++ software environment was adopted to develop and train the network.

We provided the training for this network to learn 2-bit AND and OR logic operations.

The memristor model in [6] was used due to its simplicity and popularity in literature.

To reduce simulation time, we trained the network as a crossbar array structure. A

perceptron learning algorithm was applied to train a single perceptron crossbar neural

network. Eq. 3.13 and Eq. 3.14 were used to calculate the error and weight update.

E = Aj − Yj (3.13)

∆W = ηEXi,j (3.14)

In 3.14, η is a constant learning function, and E represents an error function having

values of either +1, -1, or 0 (corresponding to weight increase, decrease, or no change,

respectively). Xi,j represents the input value according to row and coloumn. Yj and

Aj are the final and desired outputs of the network. Fig. 3.7 and Fig. 3.8 represent

the results of AND and OR operations. The network learned AND function in just 4

epochs and OR function in 5 epochs.
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Figure 3.7: Training error in each epoch for AND logic function.

3.4.2 Multi-layer Network Simulation

A multi-layer neural network is required for the classification of non-linear separable

functions. We implemented a multi-layer neural network with one and two hidden

52



0 1 2 3 4 5
0

1

2

3

Epoch

Er
ro

r

Figure 3.8: Training error per epoch for OR logic function.

layers to classify 2-bit or 3-bit parity functions. Different learning algorithms are used

for training.

3.4.2.1 Two-layer Network Simulation

This section explains the simulation of a two-layer neural network to perform non-

linear separable operations. Fig. 3.9 displays a two-layer neural network. The network

contains one hidden layer, consisting of four hidden neurons. This network has been

trained to classify a 2-bit XOR function.
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Figure 3.9: Two-layer neural network.

The activation function and weight update function from the Concurrent Learn-

ing Algorithm (CLA) proposed in [51] were adopted. CLA is a biologically inspired

supervised learning algorithm that employs gradient descent to minimize the network
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error and it helps to speed up the training process. The derivative of the arc tangent

is used as the activation function. Eq. 3.15 and Eq. 3.16 are used to perform activa-

tion function and weight update while providing the training to a multi-layer neural

network.

Y =
1

1+O2
j

(3.15)

∆W = ηE
1

1+O2
j

Xi,j (3.16)

Fig. 3.10 shows the error at the output layer throughout the training process of

a non-linear separable function. After seven epochs, the error reaches zero and the

network is fully learned. From the results of the analysis, it is demonstrated that

training in a two-layer network using a C++ memristor model successfully classifies

the non-linear separable functions.
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Figure 3.10: Error at output layer in each epoch throughout the training process of XOR pattern.

3.4.2.2 Three-layer Network Simulation

This section describes the implementation of a three-layer neural network to perform

a three-bit parity function. Fig. 3.11 displays a three-layer neural network. The

network contains two hidden layers. As shown in Fig. 3.11, hidden-layer-1 consists of

four hidden neurons and hidden-layer-2 contains two hidden neurons. We used this

three-layer network to perform non-linear separable functions. We trained a network
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of 3 input × 4 hidden-1 × 2 hidden-2 × 1 output nodes to classify the 3-bit parity

function.
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Figure 3.11: Three-layer neural network.

The backpropagation learning algorithm [69] has been used to train this network.

Backpropagation is one of the powerful algorithms in artificial neural networks. How-

ever, its implementation is difficult in hardware. The Following are the steps of this

algorithm that have been used.

Step1: Feedforward Computation: Calculate the dot product by multiplying input

values with their corresponding weight values. Then, Apply the activation function

to the dot product and calculate the output at each layer by using the following

equations:

Oj =
∑

i
XiWj,i

Yj = f(Oj)

(3.17)

Here, i and j represent input and hidden layer1 nodes. Eq. 4.4 shows the output and

activation function at hidden layer1.

The following 4.6 represents the output and activation function at hidden layer2.
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Ok =
∑

j
YjWk,j

Yk = f(Ok)

(3.18)

Here, Yj is the output of the previous layer and act as input at this layer. Wk,j

shows the weight values between the hidden-layer-1 and hidden-layer-2.

The following Eq. 3.19 represents the output and activation function at the output

layer which is represented by o.

Oo =
∑

k
YkWo,k

Yo = f(Oo)

(3.19)

Here, Yk is the output of the hidden-layer-2 and considered as an input to the output

layer. Wo,k is the weight value between the hidden-layer-2 and the output layer.

Step2: Backpropagation to the output layer: Calculate the error at output layer

based on the following equation:

Eo = Ao − Yo (3.20)

Here, Eo is the error at the output layer, and Ao and Yo represent the actual and

desired outputs and backpropagate the error to the previous layer.

Step3: Backpropagation to the hidden-layer-2: Determine the error at the hidden-

layer-2 using the following equation:

Eh2 =
∑

j
EoWj,k (3.21)

Here, Eh2 is the error at the output layer. Wj,k represents the weight values of

synapse connecting k with previous layer neuron j and Eo is the error which is back

propagated from the output layer.

Step4: Backpropagation to the hidden-layer-1: Calculate Error at the hidden-

layer-1 using following equation:

Eh1 =
∑

i
Eh2Wi,j (3.22)
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Here, Eh1 is the error at hidden-layer-2. Wi,j represents the weight values of

synapse connecting j with previous layer neuron i and Eh2 back propagates error

from the hidden-layer-2

Step5: Weight updates: Update the weight using following equations at each

layer:

∆Wo,k = ηEoYoYo,k (3.23)

∆Wk,j = ηEh2YkYk,j (3.24)

∆Wj,i = ηEh1YjYj,i (3.25)

The above mentioned Eq. 3.23, Eq. 3.24 and Eq. 3.25 are used to update the

weights connected with the output layer, hidden-layer-2 and hidden-layer-1 respec-

tively.

Step6: All the steps are repeated until the error becomes zero.

Figure 3.12: Epoch required to learn 3-bit parity function.

Fig. 3.12 shows the number of epochs required to learn three-bit parity function.

As shown Fig. 3.12, it takes seven epochs to learn. After seven epochs, the error

becomes zero and the network has learnt the three-bit parity function successfully.

Fig. 3.13 displays the errors at each layer in the three-layer network during the

training process. Due to maximum connections, hidden-layer-1 shows the maximum

number of errors as compared to hidden-layer-2 and the output layer. Hidden-layer-2

has more connections than the output layer, so it has more errors than the output
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Figure 3.13: Error at each layer while training 3-bit parity function on three-layer network.

layer. Hence, more connections imply more weights and more weights contain more

errors.

Our simulation results successfully demonstrate that high level memristor mod-

elling could be used to train and simulate the larger neural networks. It shows the

successful results with the backpropagation learning algorithm. Hence, any com-

plex learning algorithm used in software training could be used to train the network

through this modelling.

3.4.3 Simulation of Pattern Classifier

This section presents pattern classification for 4×4 binary images using a single-layer

perceptron network. The architecture used to implement this pattern classifier is

based on the memristive crossbar array-based schematic explained in Section 3.4.1.

The network has been trained through perceptron learning algorithm with varying

constant learning rates. The learning rate has a significant effect on training speed

and generalization accuracy while using different learning algorithms for training [90].

Thus, it is important to choose a learning rate efficiently for the network as it can

maximize the accuracy of the network. Fig. 3.14 displays 4 × 4 binary pixel image

and single layer perceptron network for pattern classification.

The network consists of 16 binary inputs and one bias input. The value of bias is

fixed and considered as +1, whereas the values of inputs and outputs are +1 or -1.
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Figure 3.14: (a) 4×4 binary image and (b) single layer perceptron network for pattern classification.

The set of patterns considered for classification in Fig. 3.15 and Fig. 3.16 represent

the alphabets ‘F’ and ‘J’ and their noisy versions. First patterns in Fig. 3.15 and

Fig. 3.16 are ideal patterns for letters ‘F’ and ‘J’ and rest are noisy patterns. The

training set contained 50 patterns and some of these patterns are repeated.

		
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	 	
	
	
	
	
	
	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

Figure 3.15: Set of input patterns for ‘F’.

The grey and white pixels of images are represented by +1 and -1 respectively

and the output value for pattern ‘F’ is considered as +1 and ‘J’ is -1. Fig. 3.17 shows

the number of epochs required for average error to reach zero at six different constant

learning rates. The network is learned only in 3 epochs at learning rate 0.02, 0.03

and 0.04 and error became zero as shown in Fig. 3.17. The network is learned in 18

epochs, 12 epochs and 7 epochs at learning rate 0.002, 0.003 and 0.004 respectively.
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Figure 3.16: Set of input patterns for ‘J’.
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Figure 3.17: Number of epochs required for average error to reach zero at six different learning rates.

The results shows that network is successfully learned the patterns at six different

learning rates.

After training, the network was tested using test data sets. Fig. 3.18 shows the

test pattern sets that were used to check the performance of the network. The tested

data set contained 14 test patterns of ‘F’ and ‘J’. The patterns considered for testing

are different from the training data set. The Fig. 3.19b illustrates the performance of

the network during the testing process. Moreover, the results show the generalization

accuracy of the network at different learning rates that have been chosen to train the

network. The general idea of performing the training at different learning rates is to

check the compatibility of our proposed modelling and to find the fastest and most

60



		
	
	
	
	

	
	
	
	

	
	
	
	
	
	
	
	
	
	
	
	 	
	
	
	
	
	
	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

	 	 	 	
	 	 	 	
	 	 	 	
	 	 	 	

Figure 3.18: Set of patterns for testing process.

(a)

(b)

Figure 3.19: (a) Number of Epochs required to learn pattern classifier and (b) Generalization accu-
racy of pattern classifier.

accurate learning rate for this pattern classifier. The guidelines provided in [90] are

used to determine the efficient learning rate. The network worked satisfactorily at
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all the learning rates. The learning rate 0.004 has less total sum squared error(tss)

than other two smaller learning rates. However, the results show that the learning

rate of 0.002, 0.003 and 0.004 require more training time as well as provide less

generalization accuracy than 0.02, 0.03 and 0.04 learning rates, so these could be

ignored. The learning rate of 0.04 takes the same amount of training time as 0.03

and 0.02. However, it has less total sum squared(tss) error and provides maximum

generalization accuracy. Thus, it is considered the most efficient and fastest learning

rate for this pattern classifier.
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3.5 Summary

A better understanding of the relationship between the memristor and biological

synapse is essential for using the memristors in the implementation of memristor

based neural networks. This chapter begins by introducing the properties of the

memristor as a synapse. A novel implementation of memristor models in a high-

level language is proposed. C++ is used to simulate these models. To the best of

our knowledge, there is no memristor model implemented with C++ in literature.

We used the memristive crossbar architecture to simulate and train single-layer and

multi-layer neural networks using C++ memristor modelling. The linear and non-

linear separable problems are simulated based on a memristor based crossbar array

using C++. Different training algorithms are used to train different networks. We

also simulated the pattern classifier at different learning rates. The aim of using this

environment is to reduce the simulation time of large-scale neural networks based

on memristors. Using this environment, the circuit simulated faster than with EDA

tools. The simulation results successfully demonstrated the classification of linear and

non-linearly separable problems such as AND, OR and XOR logic functions as well

as patterns using high-level C++ memristor modelling in the simulation of neural

networks.
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Chapter 4

Learning Method for Ex-situ
Training of Memristor Crossbar
based Multi-layer Neural Network

4.1 Introduction

The Memristor is being considered as a game changer for the realization of neuromor-

phic hardware systems due to its similarity with biological synapse as we discussed in

Section 3.2. Recent studies have shown that the physical layout, nano-scale size, and

low power use of the memristor crossbar make it a good choice for hardware imple-

mentation of neural networks with high density and high performance at low power.

This chapter proposes a learning method for implementing memristive multi-layer

neural networks using an ex-situ training method. We mimic the behaviour of the

memristor crossbar in software training process to achieve more accurate and close

computations to hardware. We use voltage-divider sensing technique to calculate the

dot product in this method. To demonstrate the accuracy and effectiveness of this

method, different patterns and non-separable functions are implemented using mem-

ristor crossbar structures. The results demonstrate that more accurate computations

can be produced using this learning method for ex-situ. It also reduces the learning

time of functions.

In order to train any neural network, specific training methods are required. The

weight value of each neuron in the neural network is calculated and updated using
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the training methods. Two basic training methods are used to train the networks:

ex-situ and in-situ. During the ex-situ training process, the training is provided in

software; final weights are calculated and imported into the hardware by programming

individual memristor. In the in-situ method, the weight value of each memristor

device has been updated after each iteration during the training process in hardware.

The key benefit of the ex-situ method is that any learning algorithm can be used

for training, which is difficult in the in-situ method. However, achieving accuracy in

ex-situ is difficult due to a lack of efficient mapping schemes and device variability.

Section 2.3.3 describes these methods in more detail.

Recent studies show that different mapping schemes and neuromorphic circuits are

proposed for ex-situ to achieve more accurate computations between hardware and

software [29, 95]. This chapter presents the modified training method for ex-situ. The

memristor crossbar behaviour has been studied deeply from literature and we tried

to model the same behaviour of the crossbar in software training. We calculated the

dot product using a voltage divider so that software computations could be matched

more closely to hardware computations and more accuracy could be achieved. Thus,

the network trained in software mimics the memristor crossbar in hardware.

The rest of the chapter is organized as follows: Section 4.2 describes the neuron

circuit, the proposed learning method and the experimental setup for the implementa-

tion of a memristive neural network based on the ex-situ training method. Section 4.3

describes memristor crossbar based single-layer and multi-layer neural networks im-

plementations using the proposed learning method introduced in Section 4.2. It also

shows the experimental results and comparison between the training method using

simple dot products and our proposed method. The chapter is concluded in Sec-

tion 4.4.
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4.2 Neural Network Design and Proposed Learn-

ing Method

One of the methods that can be utilised while training a neural network is known as

ex-situ training as, we discussed in Section 2.3.3. In this method, the weights that

are trained by a software implementation are programmed into the system. In this

section, we explain our modified learning algorithm for the ex-situ training method.

Before going to our modified method, we will discuss the important components that

are used in the implementation of memristive neural circuits.

4.2.1 A Neuron as a Memristive Circuit

−+

X1

X2

X3

b
Oj+ Oj-

Wi,j+ Wi,j-

Figure 4.1: A neuron implemented with memristors as synapses.

The schematic in Fig. 4.1 displays a memristive circuit for implementing a neuron.

This memristive neuron is the building block of memristive neural networks. Multiple

memristive neurons are connected together to train and implement ex-situ multi-layer

neural networks. The training has been provided in software and final weight values
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have been written in memristor crossbar implemented in hardware. Conductance

values are considered as weight values in the memristor based neural network circuits.

So, the weights are updated according to the conductance of memristors in memristive

neural networks. The 0T1M approach is used in the circuit as shown in Fig. 4.1 as

0T1M memristor crossbars are much denser and smaller in area than 1T1M crossbar

structures as discussed in Section 2.3.1.

In this circuit, the rows represent the input values and the columns the outputs.

X1, X2 and X3 are inputs and b is considered as the bias in this structure. The

memristor acts as a synapse and interconnects each row with the column. Two

memristors are used per synapse to present either a positive or negative effect on

total weight values. For the input X1 as shown in Fig. 4.1, if Wi,j+ > Wi,j− , then the

synapse associated with input X1 has a positive weight. Similarly, if Wi,j−+ < Wi,j− ,

then the synapse associated with input X1 has a negative weight. Using the following

equation, the value of W in the memristor crossbar array is always calculated.

W = Wi,j+ −Wi,j− (4.1)

The weight value in the memristor crossbar is obtained by subtracting Wi,j− from

Wi,j+ .

All the inputs, along with the memristors of each column, are connected to a

comparator as shown in Fig. 4.1. The output of the comparator at the bottom of

the circuit represents the output of each neuron. If the output of the column (Oj+)

on the positive side of the comparator is greater than the column output (Oj−) on

the negative side of the comparator, then the pair of memristors used per synapse

represents a positive weight and vice versa. The comparator gives an output as two

discrete values as it behaves as an ideal threshold function.

The Dot product is the most important part of any neural network algorithm.

The output of any neuron depends on the dot product and activation function in

neural networks. The dot product of any neural network in software is represented by
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Eq. 4.2. However, any simple memristor crossbar array provides the output as shown

in Eq. 4.3.

V outj =
∑

i
XiWi,j (4.2)

Here, Xi represents the input values and Wj,i represents the weight values in

software neural networks.

V outj =

∑
i V iniCi,j∑

iCi,j
(4.3)

V ini and Ci,j represent the voltage and conductance values corresponding to each

input i.

The output at each column in the memristor crossbar is calculated as Eq. 4.3. It

represents a voltage divider between the memristor conductance values in a simple

crossbar array.

Synaptic Weight Precision: The number of memristors used for each synapse and

the conductance range of the memristor devices determine the precision of memristor-

based synaptic weights. The range of synaptic weights for single and two memristors

used for each synapse is shown in Table 4.1. In this table, the Cmax is maximum

conductance and Cmin represents minimum conductance of a memristor. C̄ represents

the difference between the positive and negative weight in a design with only using

a single memristor per synapse [78]. With two memristors per synapse, the range of

synaptic weights is therefore twice that with just one.

Table 4.1: Synaptic weight precision for memristor-based synapse.

Memristors per Synapse
Two Memristors Single Memristor

Minimum weight Cmin − Cmax Cmin−C̄
Maximum weight Cmax − Cmin Cmax−C̄
Range 2(Cmax − Cmin) Cmax − Cmin

68



4.2.2 Proposed Learning Method for Ex-situ Training

In the proposed training method, the output at each column has been calculated using

the voltage divider sensing technique as our training process mimics the memristor

crossbar in hardware. This learning method is based on backpropagation learning

algorithm [69]. However, as it is the most popular learning algorithm, its imple-

mentation in hardware is difficult [21, 53]. The backpropagation algorithm iteratively

propagates error signals from the output layer to calculate the required weight change

in the hidden layers. This is a relatively complicated and expensive procedure to per-

form in electronic circuits. The simple memristor crossbar structure uses a voltage

divider between the resistances connected in series and parallel to provide the output

at each column as described in the previous section. Hence, all the networks have

been trained using a more efficient architecture based on voltage divider. The arctan

function is used as an activation function. Two weight values per synapse are used

in the learning process. The backpropagation learning algorithm along with our pro-

posed dot product and weight update equations has been used to train the networks.

The following are the steps of the learning algorithm that have been used to train the

neural networks in software.

1. Initialize the weights with low random conductance values.

2. Calculate the dot product at the bottom of each column of the output layer and

the hidden layer as the networks are trained in crossbar fashion. The output

value of each column is calculated using the following equations as it represents

the voltage divider. Then apply the activation function.

Oj =

∑
iXiWi,j∑
iWi,j

Yj = f(Oj)

(4.4)

where,

Oj = O+
j −O−j (4.5)
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Here, i and j represent input and hidden-layer nodes. Eq. 4.4 shows the dot

product and activation function of each neuron at the hidden-layer.

The following Eq. 4.6 represents the output and activation function at the

hidden-layer.

Oo =

∑
j YjWj,o∑
jWj,o

Yo = f(Oo)

(4.6)

where,

Oo = O+
o −O−o (4.7)

The output of the hidden-layer is considered as an input to the output layer as

shown in Eq. 4.6. Wj,o is the weight value between the hidden-layer and the

output layer.

3. Calculate the error at the output layer and the hidden-layer using the following

equations:

Eo = To − Yo (4.8)

Here, Eo is the error at the output layer. To and Yo represent the target and

actual outputs and backpropagate the error to the previous layer. Eo represents

an error function having values either +1, -1, or 0 (corresponding to weight

increase, decrease, or no change respectively).

Eh =
∑

j
EoWj,o (4.9)

Here, Eh is the error at hidden-layer. Wj,o represents the weight values of

synapse connecting neuron o with previous layer neuron j and Eo is the error

which is back propagated from the output layer.
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4. Update the weights using following equations at each layer:

∆Wj,o = ηEo
1

1+O2
o

Xj,o (4.10)

∆Wi,j = ηEh
1

1+O2
j

Xi,j (4.11)

W+
j,o,new = W+

j,o,old + ∆Wj,o (4.12)

W−
j,o,new = W−

j,o,old −∆Wj,o (4.13)

W+
i,j,new = W+

i,j,old + ∆Wi,j (4.14)

W−
i,j,new = W−

i,j,old −∆Wi,j (4.15)

Here, η is a constant learning function. The above mentioned Eq. 4.10 and

Eq. 4.11 determine the total amount of weight change at the output layer and

the hidden-layer. Eq. 4.12 and Eq. 4.13 are used to update the weights connected

with the output layer and Eq. 4.14 and Eq. 4.15 are used to update the weights

of the hidden-layer.

5. All the steps from step 2 are repeated for each data pattern until the error

becomes zero.

4.2.3 Experimental Setup

A single and multi-layer layer neural networks based on memristors have been trained

and implemented to perform linear and non-linear separable functions and pattern

classifiers. All the networks described in this chapter have been trained in software

using the proposed learning method, and then final weights are written into the

memristor crossbar neural circuits in hardware. We also trained these networks using

simple dot product and compared the results. C++ is used for training and LTspice

71



is used for hardware implementation of these networks. The alternate current paths

are also considered while implementing memristive neural circuits in LTspice.

The memristor model published in [97, 98] has been utilized for the imple-

mentation of the memristor crossbar in hardware due to its high resistance ratio

(Roff/Ron=106) and fast switching time. The device’s entire resistance range can be

switched in 10ns. The maximum and minimum resistance values used for this simula-

tion are 125MΩ and 125KΩ [97, 98]. The detailed simulation results for this model are

shown in 5.3.4. 0T1M crossbar structure is simulated in LTspice to implement these

networks. 0T1M memristor crossbar structures are significantly denser and consume

less area than the 1T1M structures. Write and read operations have been performed

on memristor crossbar in LTspice to program the final pre-determined weights. In

Section 2.3.2.1 and Section 2.3.2.2, these operations are described in detail. The re-

sistance of each memristor is set according to the target resistance calculated during

training in the software. It is complex to read a single memristor in a 0T1M memris-

tor crossbar array due to sneak-paths. If the resistances of other memristors in the

crossbar array are known, then the expected value of Vo for a target value of Rm in the

memristor reading circuit shown in Section 2.3.2.2 can be calculated using software.

4.3 Implementation of Neural Network based on

Improved Learning Method

This section explains the implementation and results of single-layer and multi-layer

neural networks based on modified learning algorithm. We have implemented differ-

ent non-linear separable functions and pattern classifiers using memristive crossbar

circuits. First, the networks have been trained in software using general dot prod-

uct and proposed dot product calculations in the learning process. Then, the final

weight values as conductance values of memristors that are calculated in software

have been directly updated in memristor based crossbar structure in hardware. The
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networks have been tested and the experimental results produced by both methods

are compared.

4.3.1 Single Layer Neural Network

This section illustrates the classification of a linear function and a pattern classifier

using a single layer neural network. The network configuration for these networks is

represented by x→y where the network has x input and y output neurons.

4.3.1.1 Four Bit Linear Function

The Fig. 4.2a shows a single layer network and Fig. 4.2b displays the corresponding

memristive crossbar circuit for four input linear functions. The rows represent the

input values and the columns the outputs. 4→1 network configuration is used. In a

memristive crossbar, X1, X2, X3 and X4 are all inputs and b is considered the bias.

The memristor acts as a synapse and interconnects each row with the column. All

the inputs, along with the pair of memristors are, connected to a comparator. The

comparator output is the output of each neuron at each layer. The Fig. 4.3 represents

the number of epochs required for both the methods to learn linear functions. The

proposed method required fewer epochs to learn the function as compared to the

simple dot product method as shown in Fig. 4.3. After hardware implementation

of both methods, the general dot product method shows a 6.25% error rate during

testing. However, our method shows zero error as shown in Table 4.2.

4.3.1.2 Pattern Classifier

This section presents pattern classification for 3×3 binary images using a single-layer

network. The network configuration used for this pattern is represented by 9→2. The

network has been trained through a perceptron learning algorithm with modified dot

product and weight update equations. Fig. 4.10 displays 3 × 3 binary pixel image

and a single-layer perceptron network for pattern classification. The network consists

of nine inputs, one bias and two outputs. The value of bias is fixed and considered
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Figure 4.2: (a) Single layer network and (b) memristor neuron crossbar circuit for linear function.

as 1, whereas the values of inputs and outputs are 1 or 0. The memristor crossbar

for pattern classification contains 10 × 4 memristors in total, including bias as two

memristors per synapse.

The set of patterns considered for classification in Fig. 4.5 and Fig. 4.6 represents

the alphabets ‘X’ and ‘T’ and their noisy versions. The first patterns in Fig. 4.5

and Fig. 4.6 are ideal patterns for letters ‘X’ and ‘T’ and the rest are noisy patterns.

The grey and white pixels of images are represented by 1 and 0 respectively and the

output value for pattern ‘X’ is considered as 1 and ‘T’ is 0. The training set contained

50 patterns and some of these patterns are repeated.

The results in Fig. 4.7 show the number of epochs required for the average error

to reach zero. The network is learned only in 3 epochs by the proposed method.

However, the simple dot product method takes two more epochs to learn. During

the implementation and testing in hardware, our method shows 100% accuracy than
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Figure 4.3: Training error in each epoch for four input linear function.
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Figure 4.4: (a) 3× 3 binary image and (b) single layer network for pattern classification.

other method as mentioned in Table 4.2.

4.3.2 Multi-layer Neural Network

A multi-layer neural network is required for the classification of complex non-linear

separable functions. We implemented the multi-layer neural networks with one and

two hidden layers to classify three-bit parity functions and full adder function.

4.3.2.1 Two-layer Network Implementation

The two-layer neural network is utilized to perform three-bit parity and full adder

functions. The configuration for these networks is represented by x→y→z, where the

network has x input neurons, y hidden and z output neurons.
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Figure 4.5: Set of input patterns for ‘X’.

Figure 4.6: Set of input patterns for ‘T’.

Three Bit Parity Function The network in Fig. 4.8a displays a two-layer neural

network for three input parity function. This network is represented by 3→4→1. The

network contains one hidden-layer consisting of four hidden neurons. The Fig. 5.4

displays the memristor crossbar neuron circuit. In this circuit, the first layer consisting

of 4× 8 memristor crossbar and the output layer consists of 5× 2 including bias. The

Fig. 4.9 represents the results of training with both methods. The network with the

proposed method learns more quickly as compared to another method. The proposed

method requires less than 10 epochs to train the network whereas simple dot product

network learns three input parity function in almost 70 epochs and its error rate

is more than the proposed method while implementing and testing in hardware as
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Figure 4.7: Number of epochs required for average error to reach zero.

shown in Table 4.2.
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Figure 4.8: (a) Two-layer network and (b) memristor based neuron crossbar circuit for three-bit
parity function.

Full Adder Function The full adder function has also been trained and imple-

mented using the two-layer neural network. The two-layer network and its corre-

sponding memristor crossbar circuit for full adder function are displayed in Fig. 4.10a

and Fig. 4.10b. The network configuration used for this network is represented by

3→4→2. This network contains 3-inputs neurons along with one bias, four hidden

neurons and two output neurons. One output is for sum and the other is for carry

in full adder function. In memristive crossbar, the first-layer and output-layer have
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Figure 4.9: Epochs required to learn three-bit parity function on two-layer network.

been implemented using 4× 8 and 5× 4 memristor crossbars respectively. The error

reaches zero after 40 epochs using the proposed method and it requires more than 200

epochs to learn with the simple dot product method. Table 4.2 shows a 50% error

rate during testing and implementation in hardware.
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Figure 4.10: (a) Two-layer network and (b) memristor crossbar circuit for full adder function.

Binary Counter The three-bit binary up counter function is also considered for

training and implementation. 3→6→3 neural network configuration is used for this

function. The network and its corresponding memristor crossbar neural circuit rep-

resenation are shown in Fig. 4.12a and Fig. 4.12b. This network has three inputs, six

hidden neurons and three outputs. The inputs represent the present state and the
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Figure 4.11: Error during training process of full adder function.

output represents the next state of the counter. As shown in Fig. 4.12b, 4 × 8 mem-

ristors are used at the first layer and 7 × 6 memristors are used at the output layer

during the implementation of the memristor crossbar circuit in LTspice. The training

results are shown in Fig. 4.13 and it shows that the network learns more faster using

the modified learning method than the simple dot product. The implementation and

testing results of the memristor circuit in LTspice are shown in Table 4.2 and it shows

more accuracy than other simple dot product method.
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Figure 4.12: (a) Neural network representation and (b) memristor crossbar circuit for binary counter
function.
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4.3.2.2 Three-layer Network Implementation

This section describes the implementation of the three-layer neural network to perform

a three-bit parity function. A three-layer neural network is shown in Fig. 4.14 for

three input parity function. The network consists of 3 input × 4 hidden-1 × 2 hidden-

2 × 1 output nodes to classify 3-bit parity function. Hidden-layer1 consisting of four

hidden neurons and hidden-layer2 contains two hidden neurons as shown in Fig. 4.14.

We used this three-layer network to perform the non-linear separable function. The

memristive crossbar circuit corresponding to this network, which is implemented in

hardware is shown in Fig. 4.14b. In hardware, the first-layer is implemented using 4×8

crossbar, the second-layer is implemented using a 5 × 4 crossbar and the final-layer

contains a 3× 2 crossbar.

Fig. 4.15 shows the number of epochs required to learn a three-bit parity function

with both methods. The simple dot product learning method takes more epochs to

learn as shown in Fig. 4.15. In the proposed method, after nine epochs, an error

becomes zero and the network is learned a three-bit parity function successfully.

The proposed method also shows better results compared to other method during

simulation and testing of the memristive crossbar circuit in hardware as shown in

Table 4.2. The network configuration for this network is represented by x→y1→y2→z

where the network has x inputs, y1 hidden layer1, y2 hidden layer2 neurons and z

80



	
	
	
	
	

													X1	
	

												X2	

	

Y	

Synapse(W)	

  Output 
   Layer 

	

     Hidden  
     Layer1  
 

     Hidden  
     Layer2 
         Input  

        Layer 
 

X3	

	

(a)

−+ −+ −+ −+

−+
X1

X2

X3

b

b

−+

−+

b

Y

(b)

Figure 4.14: (a) Three-layer network and (b) memristive neuron crossbar circuit.

output neurons as shown in Table 4.2.

Our simulation results have successfully demonstrated that the modified learning

method is capable of training complex non-linear functions successfully using multi-

layer crossbar networks. The experimental results also show that it provides the

training faster than using a simple dot product in a learning algorithm. Moreover,

it provides more accuracy while using it with the ex-situ method. We achieved a

zero error rate with the implementation of these small networks using this method.

Our aim is to mimic the behaviour of the memristor crossbar in software training

to obtain more close computations to hardware in ex-situ. It also works well with

the back propagation learning algorithm. Hence, more accuracy could be achieved

81



0 20 40 60 80 100 120 140 160 180 200
0

10

20

30

40

50

60

70

Err
or

Epoch

 

 
Proposed method
Simple Dot Product

Figure 4.15: Error during training process of three-bit parity function on three-layer network.

for more massive networks using ex-situ processes by finding ways to produce more

accurate computations.

Table 4.2: Comparison of simple dot product method with proposed method.

Function Network Conf.
Simple Dot Product Proposed Method

Epoch Error Rate (%) Epoch Error Rate (%)
Four-bit-AND 4→1 2 6.25 1 0

Pattern Classifier 9→2 4 2 3 0
Three-bit-parity 3→4→1 68 37.5 07 0

Fulladder 3→4→2 202 50 38 0
Binary Counter 3→6→3 154 20 67 10
Three-bit-parity 3→4→2→1 183 25 08 12.5
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4.4 Summary

An improved learning method has been proposed in this chapter. This learning

method is based on the voltage-divider technique and the backpropagation algorithm.

The output of each memristive neuron is calculated using a voltage divider while

training the network in software. We used the proposed learning method with ex-situ

training to simulate and train single-layer and multi-layer memristive neural networks

by using C++ and the LTspice environment. Firstly, the networks are trained in

software using the proposed learning method and the final weights are calculated. The

networks trained in software mimic the memristor crossbar in hardware. Therefore,

the voltage-divider has been used to calculate the dot product in the learning process.

Then, the memristor crossbar array is simulated in the LTspice and the conductance

values of each memristor are adjusted according to the weights calculated during

the training process. The read and write schemes are used to update the weights

in the memristive crossbar structure. We also trained these networks using simple

dot products and compared the results. The aim of the proposed learning method

is to reduce the error rate while implementing networks in hardware with ex-situ

training methods. It also reduces learning time in software. The simulation results

have successfully demonstrated the classification of linear and non-linearly separable

problems and provide more accuracy during the implementation of the ex-situ method

in memristive crossbar array-based neural networks.

83



Chapter 5

Efficient and Low Overhead
Memristive Architecture for
Activation Functions in Deep
Neural Networks

5.1 Introduction

Along with the learning method, an activation function deserves similar considera-

tion in a neural network. An activation function introduces non-linearity into the

network, which helps the network with learning and performing complex functions.

Thus, an activation function is an essential part of an artificial neural network. The

widely used activation functions are sigmoid, tanh and rectified linear unit (ReLU)

as we discussed in Section 2.3.4. The ReLU activation function, introduced very re-

cently [58], is becoming more popular in deep neural networks due to its simplicity.

It also provides sparsity and aids in eliminating the gradient problem that is hard

to handle with sigmoid and tangent functions. Moreover, it has been shown that

deep networks can be trained efficiently using ReLU even without pre-training [25].

Most of the activation functions used in memristive neural networks in the literature

are approximated as sigmoid, tanh and piecewise linear functions [1, 5, 26]. The

majority of these functions are implemented using only operational amplifiers, which

incur significant hardware overhead. In contrast, considering the merits and demer-
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its of the existing approaches, in this chapter, we present a novel implementation of

the ReLU activation function based on memristor MIN functionality. To the best

of our knowledge, this is the first circuit that approximates an activation function

using memristors. We show with experimental results that the proposed circuit is

significantly area efficient as well as aids fast learning.

The rest of the chapter is organized as follows: The circuit for activation function

in memristive neural networks is proposed in Section 5.2. Firstly, the MIN-MAX

functionality based on memristors is reviewed in Section 5.2.1. Then, Section 5.2.2

describes the proposed memristive activation circuit and the experimental details

of the network simulation. Section 5.3 illustrates memristor crossbar architectures

used for implementing different multi-layer neural networks and experimental setups.

Section 5.4 evaluates the results and compare the results with existing approaches.

Finally, the chapter is concluded in Section 5.5.

5.2 Proposed Circuit for Activation Function

We proposed an activation function circuit using memristors. It is based on memris-

tive MIN functionality. So, we introduced the memristor based MIN-MAX circuits

first in this section. Then, we described our proposed activation function circuit for

memristive neural networks.

5.2.1 The MIN-MAX Function

The MIN-MAX circuits are becoming crucial building blocks in fuzzy systems and

many artificial neural networks [72]. However, the major obstacle to the exist-

ing designs is the area complexity. As a result of their nanoscale size characteris-

tics, memristor-based MIN-MAX circuits are emerging as highly efficient circuit de-

signs [39]. Fig. 5.1(a) represents a diagram of a single memristor, where it is assumed

that when the voltage difference between the p terminal and the n terminal is higher

than the threshold voltage, the memristor switches to a low resistance state (Ron);
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otherwise, it switches to a high resistance state (Roff ) [103]. Fig. 5.1(b) shows a two

Memristor Rationed Logic (MRL) MIN circuit [103], where M1 and M2 represent

memristors. The MIN-MAX functions are defined by the following equations:

MIN(Vx, Vy) =

{
Vx, Vx ≤ Vy

Vy, otherwise.
(5.1)

MAX(Vx, Vy) =

{
Vx, Vx ≥ Vy

Vy, otherwise.
(5.2)

Assuming that Vx and Vy are the voltages at the x and y terminals, respectively. In

MIN circuit operation, if Vx>Vy, then the voltage V follows Vy. As the current flows

from the memristor M1 to the memristor M2, the voltage appearing at the positive

terminal of M1 is smaller than the negative terminal of M2. Hence, M1 switches to

the ‘OFF’ state (a high resistance state) and M2 switches to the ‘ON’ state (a low

resistance state). If Vx=Vy, then the voltage V approximately equals to Vx or Vy.

As M1 and M2 appear in parallel, no current flows between the inputs. If Vx<Vy,

then the voltage V follows Vx. M1 switches to the ‘ON’ state and M2 switches to the

‘OFF’ state.

x

y

V=MIN(x,y)

M1

M2

(a) (b)

p

n

(c)

x

y

M2

M1

V=MAX(x,y)

Figure 5.1: (a) Single memristor, (b) memristor based MIN circuit and (c) memristor based MAX
circuit.

Fig. 5.1(c) shows a memristor based MAX circuit. The MAX circuit operations

are vice-versa to the MIN circuit operations. If Vx>Vy, then the voltage V follows Vx

and approximately equal to Vx−VM1 , where VM1 is the voltage drop across M1. As

the current flows from the memristor M2 to memristor M1, the voltage appearing at
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the positive terminal of M1 is higher than the negative terminal of M2. Hence, M2

switches to ‘OFF’ state. If Vx=Vy, then the voltage V approximately equals to Vx

or Vy. As M1 and M2 appear in parallel and no current flows between the inputs.

If Vx<Vy, then the voltage V follows Vy and V equal to Vy−VM2 , where VM2 is the

voltage drop across M1. Hence, M1 switches to the ‘OFF’ state and M2 switches to

the ‘ON’ state.

5.2.2 Memristive Neuron Schematic with Proposed Circuit
for Activation Function

X1
X2
X3

b

Wi,j+ Wi,j-

Oj-

Oj+

−

+ Yj

Vdd

Circuit for
Activation Function

Memristor

Memristor

Figure 5.2: A single neuron crossbar along with memristor MIN based activation function.

Fig. 5.2 shows the proposed architecture of a memristive neuron, comprising a

comparator and an MRL MIN circuit, for realizing the ReLU activation function.

The following equation represents the functionality of this circuit:

Yj =

{
O+
j , O+

j ≥ O−j
0, otherwise,

(5.3)

87



0ms 4ms 8ms 12ms 16ms 20ms 24ms 28ms 32ms 36ms 40ms

0.0V

0.5V

1.0V

0.0V

0.5V

1.0V

-1.0V

0.0V

1.0V

0.0V

0.5V

1.0V

V(x)

V(y)

V(x)-V(y)

V(output)

Time

Vo
lta

ge

Figure 5.3: Simulation results of the circuit in Fig. 5.2.

Wi,j = Wi,j+ −Wi,j− (5.4)

where Yj is the final output of this circuit. O+
j and O−j represent the dot product at

each column representing a single neuron, as two memristors are required to represent

a single weight (Wi,j). If O+
j > O−j , then it will have a positive effect on the total

dot product (Oj). Otherwise, it will have a negative effect. According to Eq. 5.3, if

the total dot product produces a negative effect, then it will be considered 0 at the

final output. Otherwise, the higher dot product value between the two columns is

considered the final output of a neuron. The total dot product of each neuron can be

calculated by using the following equation:

Oj = O+
j −O−j . (5.5)

The comparator in Fig. 5.2 provides an output of either zero or Vdd, where Vdd is

assumed to be the supply voltage. Then, the memristor based MIN function is used

to calculate the minimum value between the comparator output and the dot product

at the column on the positive side (O+
j ).
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The SPICE simulation result of the proposed activation circuit is shown in Fig. 5.3.

Here, V (x) and V (y) are assumed as positive (O+
j ) and negative (O−j ) inputs of the

comparator, respectively. Additionally, V (x)− V (y) represents the total dot product

(Oj) and V (output) shows the final output (Yj) of the circuit. If the total dot product

has a negative effect, then the final output will be zero; otherwise, it follows V (x).

5.3 Multi-layer Neural Network Implementation

using Proposed Circuit

This section illustrates memristive crossbar architectures for multi-layer neural net-

works.

5.3.1 Functions Implementation using Two-layer Memristive
Architecture

The two-layer circuit design is utilized to implement non-separable functions as fol-

lows.

Three Bit Parity Function

A three-bit parity function has been simulated using the schematic as shown in

Fig. 5.4. Here, three inputs and one bias are used. Two memristors are used to

compute a single weight value as it determines the positive and negative effects on

the total dot product of neurons at each layer. The outputs of the neurons at the final

layer are thresholded. Thus, a comparator is used at the output layer. In Fig. 5.4,

4×8 memristors are used to implement a crossbar at the first layer and the final-layer

contains 5× 2 memristors along with bias. 4× 2 memristors are used at the hidden-

layer for the activation circuit. Fig. 5.12 shows the epochs used by each activation

function during training to learn a three-bit parity function.
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Figure 5.4: Memristor based crossbar for 3-bit parity.
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Figure 5.5: Memristor crossbar structure for full adder function.

Full Adder Function

The memristor based crossbar structure for full adder function is displayed in Fig. 5.5.

The network consists of 3-input neurons, 4-hidden neurons and 2-output neurons

where the two outputs represent sum and carry respectively. 4 × 8 memristors are

used by the first-layer and 5 × 4 memristors are used by the output-layer in the

memristor crossbars. 4× 2 memristors are used to implement an activation function

at the hidden-layer. Fig. 5.13 shows the error rate of the full adder function during
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training. The results in Fig. 5.13 show the total number of epochs required for training

using each activation function and the proposed activation function takes less time

for training than other activation functions.

5.3.2 Function Implementation using Three-layer Memris-
tive Architecture

This section presents a three-layer memristor crossbar based neural network imple-

mentation. Fig. 5.6 unveils the memristor crossbar schematic for three-bit parity

function. The network topology used for this function is 3→4→2. The first-layer is

consisting of 4 × 8 memristors; the second-layer contains 5 × 4 memristors and the

output-layer contains 3 × 2 memristors. To implement activation circuit, two mem-

ristors are used at each layer for a single output neuron. Thus, 4 × 2 memristors are

used at hidden-layer1 and 2 × 2 are utilized at hidden-layer2. Fig. 5.14 shows the

total epochs required for training using each activation function.
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Figure 5.6: Memristive crossbar circuit for parity function.
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5.3.3 Implementation of Pattern Classifiers

The Fig. 5.7 shows a 4× 4 binary image and its corresponding neural structure. The

network includes 17 inputs including one bias, and two outputs. The hidden-layer

contains six neurons. The bias value is fixed and is considered as 1. As two memristors

are used per synapse, the memristor crossbar circuit contains 17 × 12 memristors at

hidden-layer and 7× 4 at the output-layer.

X1	 X2	 X3	 X4	
X5	 X6	 X7	 X8	
X9	 X10	 X11	 X12	
X13	 X14	 X15	 X16	
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Y2	

Xn	

(b)

Figure 5.7: (a) Binary image and (b) multi-layer neural network structure.

The Fig. 5.8 displays the set of patterns used for classification. Two alphabets ‘F’

and ‘J’ are used. The training set consists of 50 patterns and the Fig. 5.8 shows some

of the patterns. The same sets of training patterns are used for testing. Fig. 5.8(a)

represents the set of a pattern for alphabet ‘F’ and Fig. 5.8(b) shows the patterns for

alphabet ‘J’. Noisy versions of these alphabets are also considered. The First pattern

in each set of patterns is an ideal pattern and the rest are noisy versions as shown in

Fig. 5.8. The grey pixels of images are represented by 1 and white are represented by

0. The output for alphabet ‘F’ is considered as 1 and alphabet ‘J’ is 0.

The result in Fig. 5.15 illustrates the number of epochs required by the network

to reach zero or minimum error during the training process.
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Figure 5.8: (a) Set of patterns for ‘F’ and (b) set of patterns for ‘J’.

Iris Classification

Iris dataset [22] contains 3 classes and each class has 50 instances, where each class

represents a different type of iris plant called setosa, versicolour and virginica. There

are four attributes. The dataset contains 150 patterns in total. First, the data is

normalized and then divided into training and testing sets. 90% data are considered

for training and 10% is used for testing. The network consists of four input neurons,

six hidden neurons, three output neurons and one bias. The configuration for this

network is 4→6→3. The result in Fig. 5.9 shows the mean square error during the

training of iris dataset.
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Figure 5.9: The mean square error during training of iris pattern recognition.
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5.3.4 Experimental Setup

Memristor based multi-layer networks are trained and simulated with proposed ac-

tivation circuit. These networks are designed to implement pattern classifiers and

3-input parity functions. The memristive neural circuits shown in Fig. 5.4, Fig. 5.5,

Fig. 5.6, and Fig. 5.7 are first trained with algorithm implemented in C++, with a

focus on its crossbar architecture, based on the backpropagation algorithm [69]. In

the learning process, the modified dot product and weight update equations are used

that we proposed in the previous chapter. This method of learning is very efficient

and robust, however, its hardware implementation is difficult. All the weights are

initialized with low conductance values. After training, the final conductance values

are calculated. Eq. 4.3 is used to compute the dot product at each column as it

represents the computation of a simple memristor crossbar.

Once the memristive architecture has been modelled and trained in software, the

circuit is simulated in LTspice based on the memristor model in [97, 98]. This mem-

ristor device is selected as it yields higher resistance ratio (Roff/Ron=106) as well

as fast switching time, which is highly desirable for neural network implementations.

The simulation results of this memristor device are shown in Fig. 5.10 and Fig. 5.11.

The voltage and current waveforms are displayed in Fig. 5.10. A +7V/-7V pulse is

applied to switch the memristor device successfully from high resistance state into

low resistance state and vice-versa. Fig. 5.11 shows the state variable value of this

device that lies between 0 and 1 and the power in this memristor device with respect

to time which is calculated by multiplying the voltage and current pulses displayed

in Fig. 5.10. The state variable plot shows that the device is successfully switched by

applying the voltage waveform as shown in Fig. 5.10. These simulation results show

that this device provides the low switching time in nanoseconds. Thus, it will provide

more precise results while using in crossbar simulation. The Roff (high resistance)

and Ron (low resistance) are 125MΩ and 125KΩ respectively. All the memristors

in the crossbar are programmed in LTspice according to the resistance values pre-
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calculated in software using write and read schemes described in Section 2.3.2.1 and

Section 2.3.2.2. The implementations in LTspice also consider the alternate current

paths in the memristor crossbar. Thus, a sequence of alternate write and read pulses

are used to program each memristor in crossbar to achieve the desired conductance

value. The research [32, 63] show a strong correlation between the change of mem-

ristor state and width, an amplitude of the applied voltage. The pulse width much

smaller than the pulse to fully switch the memristor is used to write and the pulse of

1V is used to read a single memristor. The 0T1M approach is used in these circuits,

as it is denser and smaller in area as compared to the 1T1M circuit designs.
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Figure 5.10: Simulation results display (a) Voltage pulse and (b) current pulse.
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Figure 5.11: Simulation results display (a) State variable and (b) power.
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5.4 Experimental Evaluations

The experimental results of training a three-bit parity, full adder and pattern classifier

are shown in Fig. 5.12, Fig. 5.13, Fig. 5.14 and Fig. 5.15 respectively. The mean

square error (MSE) during training reaches zero or minimum error value for ReLU

much faster than the tanh and sigmoid functions. Additionally, zero error was found

after crossbar simulation and testing the inputs in LTspice. A 3-bit weight precision

was enough to successfully classify all the functions and patterns. Thus, the non-

separable functions and pattern classifiers are successfully trained in software and

tested in LTspice by using the schematics in Fig. 5.4, Fig. 5.5, Fig. 5.6, and Fig. 5.7.

The proposed architecture also provides significant area benefits compared to the

circuits presented in [5, 26] as shown in table 5.1. In this table, sizes of a comparator

and a memristor are generously assumed to be 750F 2 [94] and 4F 2 [33] respectively.

As shown in columns two and three, the areas reported by the existing techniques are

almost two and three times more than the proposed method just for a single neuron.

Clearly, the area increases substantially as the number of neurons and hidden layers

increase, e.g., as shown in the third row and fourth row of the table, which corresponds

to the three-bit parity function in Fig. 5.4 and Fig. 5.6 respectively. Moreover, this

activation function helps to reduce training time as shown in Fig. 5.12, Fig. 5.13,

Fig. 5.14 and Fig. 5.15. Thus, fast computations with less training time can be

achieved. However, it takes more time to program the memristors in crossbar which

is a generic issue in all memristor based crossbar structures.

Technique of [5] Technique of [26] Proposed Technique
Single neuron 2250 1500 758
Four neurons 9000 6000 3032

Six neurons 13500 9000 4548

Table 5.1: Area (F 2) benefit of proposed technique.
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Figure 5.12: Epochs required for mean square error to reach zero or minimum.
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Figure 5.13: Error during training process of full adder function.
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Figure 5.14: The mean square error on 3-layer network during training.
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Figure 5.15: The total epochs required for mean square error to reach zero.

5.5 Summary

This chapter represented a novel memristive architecture for realizing the ReLU ac-

tivation function. This circuit for activation function is based on memristive MIN

functionality. Firstly, we introduced the existing MIN-MAX circuit operations based

on memristors. Secondly, we proposed an activation circuit based on memristor MIN

functionality. The proposed circuit comprises a single comparator and two memris-

tors configured to realize the MIN function. Based on the proposed activation circuit,
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three-bit parity functions using two-layer and three-layer memristive neural networks

are simulated. We have also simulated different pattern classifiers using our pro-

posed activation circuit in multi-layer memristive neural circuit designs. Finally, the

experimental results are evaluated based on these simulations and these results are

compared with existing approaches in terms of hardware requirements. Experimental

results, based on a multi-layer neural networks showed that the proposed architecture

requires significantly lower hardware compared to existing approaches. In addition,

the results also demonstrated that non-separable functions and pattern classifiers can

be trained and simulated successfully using this circuit. The proposed architecture

can also reduce computational costs during the training of the network in software,

as well as help speed up the training process due to the simplicity of the underlying

activation function. Therefore, the proposed approach could be much more effective

for the training and implementation of deep neural networks compared to the existing

approaches.
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Chapter 6

Fault-Tolerance and Repairability
of Memristive Crossbar-based
Neural Networks

6.1 Introduction

A memristive crossbar architecture provides fast, low power circuits for high preci-

sion matrix-vector multiplication. The computational accuracy of memristor-based

neural circuits can be considerably affected by stuck-at-faults (SAFs) in memristor

devices, as it is difficult to avoid stuck-at-faults during the manufacturing processes.

Therefore, these faults can limit the recognition accuracy of memristor-based neural

circuits [11, 91].

This chapter first analyses the error tolerance of memristive crossbar neural net-

works in the presence of stuck-at-faults. To investigate fault tolerance within the

memristor crossbar structures, random memristors in the crossbar array were selected

to be stuck in just high resistance state. Up to 50% of the memristors are considered

faulty as only one memristor from a pair of memristors (considered a synapse) is

selected as faulty to avoid the possibility of having a faulty pair of memristors [99].

Two different memristor based structures are considered to observe the tolerance of

faulty memristors. We analyse the neural circuits based on memristors that are able

to learn even with faulty memristors.

Secondly, this chapter evaluates the yield of a memristor-based crossbar array of
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artificial neural networks in the presence of SAFs. A technique based on the Markov

chains is used to estimate the yield in the presence of stuck-at-faults. This method

provides a high degree of accuracy. Another method that is used for analysis and

comparison is based on the Poisson distribution, which uses the sum of all repairable

fault patterns. A fault repair mechanism is also proposed when evaluating the yield of

the memristor crossbar array. The results demonstrate that the yield can be improved

with redundancies and a higher repairable stuck-at-fault ratio.

The rest of the chapter is organized as follows: Section 6.2 explains the fault-

tolerance analysis in memristive neural circuits. Further, in Section 6.2.1, the mem-

ristive crossbar structures used for fault-tolerance are described and explain how the

memristive neural circuits are tested in the presence of faulty memristors. The re-

sults are also discussed in Section 6.2.2. Section 6.3 describes the yield evaluation of

memristor-based neural circuits. Section 6.3.1 describes the global yield model and

the yield models used for evaluation in this chapter. Section 6.3.2 explains the sim-

ulation of a memristor crossbar array with SAFs. It also explains the state diagram

and transition rates of the Markov chain that are used to evaluate the yield. The

yield evaluation results are demonstrated in Section 6.3.3. Section 6.4 compares the

results of both the methods used for yield calculations. The chapter concludes in

Section 6.5.

6.2 Fault Tolerance Analysis in Memristive Neural

Circuits

In this section, the fault-tolerance of memristive neural networks is analysed. Two

different memristor crossbar-based neural structures are considered to check the fault-

tolerance of the memristor crossbars. One structure considered for this analysis is the

0T1M memristor crossbar structure, as explained in Section 2.3.1.4 and the other

structure used for analysis is the memristive crossbar with constant-term circuit,

which is described in Section 2.3.1.6.
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6.2.1 Multi-layer Non-linear Separable Functions

The non-linear separable function is trained and tested in the presence of faulty mem-

ristors in a multi-layer memristive crossbar neural structure. The Schema presented

in Fig. 6.1 and Fig. 6.2 are used to test this functionality. A 3-input logic function is

trained and tested based on these memristive neural circuits. A 3→4→1 network con-

figuration is used in these circuits. Three input neurons, four hidden neurons and one

output neuron are considered. Here, X1, X2 and X3 are considered as inputs, while

Y and b represent output and bias, respectively. Eight data patterns are applied as

inputs to X1, X2 and X3. Input 1 is always applied to b (bias). The crossbar inputs

are applied as a different set of voltages for each iteration of the training. Then the

results are evaluated from the output of the comparator at the end of each column.

The perceptron algorithm is used to train the networks. The comparator performs

the threshold function in this circuit.

In the circuit shown in Fig. 6.2, a single memristor crossbar along with one con-

stant term circuit is used. The voltage follower is used to calculate the output (Yc)

from the constant-term column and this output is applied to each comparator at the

end of each column in memristor crossbar. Thus, this circuit provides both positive

and negative polarity on the total dot product.

6.2.2 Faulty Memristors in Memristor Crossbar

Firstly, to observe fault tolerance within memristor structures, random memristors

are set to high resistance states so that they cannot change their initial states. To

avoid defects at a single synapse (pair of memristors), the memristors stuck at high

resistance states are considered in either of the columns in the memristor structure.

It was assured that at least one memristor should be working in each pair of synapses.

Then, the memristor crossbars are trained with faulty memristors. From 10% to 50%

of memristors are considered defective to observe the tolerance of each memristor

neural learning structure. Four different test trials have been done on memristor
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Figure 6.1: 0T1M Memristor crossbar-based neural circuit used for fault-tolerance.
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Figure 6.2: Memristor crossbar with constant-term circuit used for fault-tolerance.
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crossbar structures with random weight initialization values. In a memristive neural

structure with constant term, no faulty memristor was considered in constant term

column to ensure that at least one memristor is working in a pair. Thus, in this circuit,

the faulty memristors are only in the columns of a single crossbar. Table 6.1 shows the

results of 0T1M memristive neural structures after training with faulty memristors.

Table 6.2 shows the results of memristive neural structures with constant term circuit

after training with faulty memristors. Fig. 6.3, Fig. 6.4, Fig. 6.5 and Fig. 6.6 show the

epochs required for training of the non-linear separable function in different test trials

for the 0T1M multi-layer neural circuit. Fig. 6.7, Fig. 6.8, Fig. 6.9 and 6.10 show the

epochs required for training in each test for the multi-layer memristive neural circuit

with constant-term for training the non-linear separable function. The results show

that both the memristive structures with faulty memristors are able to learn non-

separable functions with faulty memristors. In only one trial, the memristor neural

structure with constant term was unable to learn after 230 epochs with 50% faulty

memristors. In some test trials, the networks took longer time to learn than in other

trials.

Table 6.1: Fault tolerance analysis in 0T1M memristor crossbar.

Error Percentage 10% 20% 30% 40% 50%

E
p

o
ch

Test1 80 64 90 92 94
Test2 197 237 99 64 198
Test3 61 130 121 115 147
Test4 36 55 28 92 135

Table 6.2: Fault tolerance analysis in memristor crossbar with constant-term circuit.

Error Percentage 10% 20% 30% 40% 50%

E
p

o
ch

Test1 91 53 208 190 41
Test2 80 90 99 163 230
Test3 75 43 38 32 190
Test4 45 57 60 90 163

To analyse the fault-tolerance of memristive neural circuits, the C++ and LT-

spice is used. C++ is used for training and LTspice is used for memristor crossbar
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implementation and calculations. It is better to represent the memristor grid more

precisely by examining the real memristor circuit in LTspice. An existing memristor

model published in [97, 98] was used in this work to model the memristor device in

LTspice. This memristor device has been chosen due to its high minimum resistance

value and large resistance ratio.
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Figure 6.3: Error per epoch for test1 with varying faulty memristors in 0T1M neural circuit.

6.3 Yield Evaluation in Memristor Crossbar-based

Neural Structures

Variations in conductance values, operational faults, manufacturing defects, and other

factors can affect the performance of memristor-based neuromorphic systems [11, 86,

91]. Due to manufacturing defects, the memristors can be stuck-at a low or high

resistive state, which can degrade the performance of memristor neural circuits [11,

86, 108].

In most cases, neural networks can accept a limited number of faulty synaptic
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Figure 6.4: Error per epoch for test2 with varying faulty memristors in 0T1M neural circuit.
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Figure 6.5: Error per epoch for test3 with varying faulty memristors in 0T1M neural circuit.
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Figure 6.6: Error per epoch for test4 with varying faulty memristors in 0T1M neural circuit.
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Figure 6.7: Error per epoch for test1 with varying faulty memristors in memristor neural circuit
with constant term.
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Figure 6.8: Error per epoch for test2 with varying faulty memristors in memristor neural circuit
with constant term.
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Figure 6.9: Error per epoch for test3 with varying faulty memristors in memristor neural circuit
with constant term.
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Figure 6.10: Error per epoch for test4 with varying faulty memristors in memristor neural circuit
with constant term.

weights; however, a high defect rate dramatically reduces the accuracy of the matrix-

vector calculations. The retraining and weight mapping processes are used to train

the neural network with faulty memristors [12, 86, 107].

In this section, the yield of a memristor crossbar array used for neural networks

is calculated using a Markov chain, which provides ease of use without sacrificing

accuracy and representativeness. The benefit of the repair process is also considered

while using the Markov chain model. The Poisson distribution approach proposed

in [89] is also used for analysis and comparison as it is a faster industry-based approach

for embedded SRAMs. Different aspects of these two evaluation techniques are also

discussed.

6.3.1 Yield Evaluation Methods

In this section, we define some of the key terms used in the rest of the chapter. [16,

79, 80]. This section also explains the methods used for calculating yield.
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• Yield: The yield is described as the probability of chip acceptability during the

manufacturing process. As the number of elements increases, the risk of device

failure also expands.

• Fault Types: The fault types are represented as FT = (1, 2, ..., F ) and the

number of such types is denoted by F . These fault types were introduced in

[80, 79]. The average number of type “ i ” faults is denoted by λi, where

(i = 1, 2, ...., F ).

• Circuit Types: The “circuit types” are defined as (1, 2.....l). Faults can occur

in the “circuit types” and the number of such kinds is denoted by l.

6.3.1.1 General Yield Formula

The basic formula [80] based yield estimation for a chip with F potential fault types

is defined by the fault pattern (FP) vector:

FP = (i1, i2, ..., iF ) (6.1)

where, the average number of type “ i ” faults is denoted by λi, where (i =

1, 2, ...., F ).

Based on the above, the yield is defined by:

Y =
∑

fixableFPi

Prob(FPi) (6.2)

6.3.1.2 The Markov Chain Modelling

The Markov chains [59, 66] are a type of stochastic model that represents a series

of probable events in which the next state’s probabilities are entirely based on the

events in the current state, not the previous states.

Definition: A Markov chain is a ‘memoryless’ discrete-time process in which all

knowledge of the past states comprises the current state. This indicates that the
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present state (at time t-1) is enough to predict the following state’s probability (at

time t).

A labelled directed graph G = (V,E) can be used to describe a Markov chain

with state-space V and transition matrix P , where the edges are defined by nonzero

probability transitions.

E = (u, v)|Pu,v > 0 (6.3)

Here, an edge from u to v is labelled by the probability Pu,v. The matrix will be

N×N if the Markov chain has N potential states. This matrix’s rows must add up

to one. An N×1 Initial State Vector is also included in a Markov chain.

In Markov chains, a higher-order transition matrix is used to determine the prob-

ability of that transition occurring over a number of steps.

6.3.1.3 The Poisson Distribution

Let λ0 be the mean number of faults of each type in a memristor crossbar array. The

probability that a crossbar array has k faults is determined by the Poisson distribution

function as shown in Eq. 6.4.

P (k) =
e−λ0λk0
k!

, for k = 0, 1, 2 · · · (6.4)

The probability of a chip having no faults is known as the yield, which is deter-

mined for k = 0 by Eq. 6.5, i.e., if there is no redundancy on the chip.

Y = P (0) = e−λ0 (6.5)

The additivity of faults is a particularly valuable characteristic of the Poisson

distribution model. After repairing the memristor crossbar array with the stated

redundancy, the yield is calculated as the sum of the probabilities of different types

of faults by using Eq. 6.6.
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Y =
∑

PSA0(i)PSA1(j) (6.6)

Here, the repair process is defined as a method that can correct the majority of the

faults and Y is the yield after repairing various types of faults, e.g. (i+j).

6.3.2 Stuck-at-Faults Simulation

The probability of stuck-at-faults in the memristor crossbar is higher than the other

faults, like operational faults and variation in conductance values, and these faults

have an adverse effect on the performance of memristor crossbar-based neural net-

works [50, 91]. While a neural network can usually accept a limited number of faulty

weights, a higher rate of SAFs, especially SAFs at low resistance states, drastically

reduces the computational accuracy.

To mitigate this, re-training techniques have been proposed for memristive cross-

bar arrays that tolerate SAFs by utilizing the inherent fault tolerance of neural net-

works [12, 50]. These techniques are useful if a fault-tolerant network can be retrained

with similar recognition accuracy. However, when the percentage of defects is higher

than the neural network’s natural fault tolerance, performance suffers.

To estimate the yield, the Markov model introduced in [60] is used in the mem-

ristor crossbar array. This model is based on the approach presented in [17] as it

provides accurate results. In this evaluation, two types of stuck-at-faults are con-

sidered, termed SA0 (High Resistive State) and SA1 (Low Resistive State). SA0 is

considered a repairable fault as it is assumed to be re-trained in the neural network.

SA1 fault is considered an unrepairable fault as it is hard to re-train in the network

as this type of faulty memristor produces the maximum amount of current that can

pass through it. It is more challenging to train other memristors to have a resistance

that is lower than this faulty memristor [50, 99]. We considered two and four spare

columns to replace the faulty memristors in the crossbar array while evaluating yield.

113



First, a 4×4 memristor crossbar with two spare columns is considered for yield

evaluation as shown in Fig. 6.11 and its corresponding state transition diagram is

shown in Fig. 6.12. Here, circles denote the states and the edges denote the transition

from one state to another. It starts from state G, which represents the ‘GOOD’ state

and ends at state F, which represents the ‘FAIL’ state. ‘GOOD’ state implies no

faults in the crossbar and ‘FAIL’ implies that there is no further state to consider and

the system fails. One single fault is processed at a time. Each state is represented by

(i, j) where i represents the spare column and j represents the repairable faults. The

next state depends on the present state in this algorithm.

The transition rate, denoted by λ is represented by the edge between two transition

states. It is the weighted sum of all possible faults that can produce that transition.

The weight represents the number of elements that are affected by that fault. The

transition rates with the Markov model are shown in Table 6.3. As shown in this

table, the transition rate λG,(i1,j0) is from a state with no spare column to a state with

one spare column, where i represents the spare column and j represents the number of

repairable faults. The transition rate is calculated by considering the faults that are

responsible for generating that transition. For example, the transition rate λSA0(ncnr)

is the probability of having a fault in any row and column in the memristor crossbar,

where the number of rows is indicated by nr and the number of columns is indicated

by nc in Table 6.3. The transition rates for a 4×4 crossbar state diagram calculated

using a Markov chain are illustrated in Table 6.3. The values of the fault rates must

be divided by the number of columns or rows, whichever is greater (or their product).

This is because, when describing a transition rate, all defects are considered to be

independent and their weighted probabilities are assumed [60].

The yield is calculated by solving the following equation with continuous-time

Markov chain (CTMC):

P = P (0).Ak (6.7)

P (0) is a vector whose elements are the probability of being in a given state (G, 1, 2, ..., F ),
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and A is the generating matrix whose elements are the transition rates and k is the

average defect rate. A matrix multiplication at each step is required to solve Eq. 6.7.

After repair, the yield is calculated as the probability of not being in the FAIL state.

Memristor

(a) (b)

Figure 6.11: (a) A 4×4 memristor crossbar array (b) two spare columns.

6.3.3 Results and Discussion

The yield analysis of the memristor crossbar is done using MATLAB [54]. The sim-

ulation results for a 4×4 crossbar array are shown in Fig. 6.13. The average defect

rate for this varies from 0 to 40 with a step size of ∆λ=10−3. The results show that

the yield of a 4×4 crossbar with no spare column is less than with two spare columns.

Additionally, different fault probabilities are considered to compare the yield of the

crossbar as shown in Fig. 6.13. Three probability cases are considered as follows:

• SA0>SA1. In this case, we considered the ratio of the SA0 fault higher than

the SA1 fault.

• SA0<SA1. In this case, the ratio of SA1 faults is considered higher than SA0

faults.
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Figure 6.12: State diagram for 4×4 memristor crossbar array.
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Table 6.3: Transition Table

Transition Rates Weighted sum of probable faults
λG,(i0,j1) λSA0(ncnr)
λG,(i1,j0) λSA1(ncnr)

λ(i0,jn),(i0,jn+1) λSA0(ncnr − n)
λ(i0,jn),(i1,j0) λSA1(nc − (nc − 1))(nr − n)
λ(i0,jn=m),(i1,j0) λ(SA1+SA0)(nc − (nc − 1))(nr − n)
λ(i0,jn),(i1,jn) λSA1(nc − n)nr
λ(i0,jn=m),(i1,jn) λ(SA1+SA0)(nc − n)nr
λ(i1,jn−1),(i1,jn) λSA0(nc − 1)nr − (n− 1)
λ(i1,jn−1),(i2,j0) λSA1(nc − n)nr
λ(i1,jn=m),(i2,j0) λ(SA1+SA0)(nc − n)nr
λ(i1,jn),(i2,jn−1) λSA1(nc − (nc − 1))(nr − n)
λ(i1,jn=m),(i2,jn−1) λ(SA1+SA0)(nc − (nc − 1))(nr − n)
λ(i2,jn−1),(i2,jn) λSA0(nc − 2)nr − (n− 1)
λ(i2,jn−1),F λSA1(nc − 2)nr − (n− 1)

• SA0=SA1. In this case, the ratio of both faults is considered equal.

With the increasing percentage of SA0 faults the yield increases. The yield is

higher in the case where the ratio of SA0 faults is higher.

As we discussed in the previous section, if the percentage of SAFs increases be-

yond the internal tolerance of the neural network, then the computational accuracy

decreases. Additionally, SAF probabilities increase with the larger array sizes. The

yield is calculated for different-sized memristor crossbar arrays. The chosen array

sizes are 32×32, 128×128, and 256×256. For all these array sizes, the yield has been

calculated with zero and two spare columns and different fault ratios have been con-

sidered. The plots reported in Fig. 6.14, Fig. 6.15, and Fig. 6.16 show the yield for

32×32, 128×128, and 256×256 memristor crossbar arrays with and without redun-

dancies. In Fig. 6.14, the value of λ0 is varying from 0 to 100 with a varying step

of 10−3. The value of λ0 varies from 0 to 40 in the plots reported in Fig. 6.15 and

Fig. 6.16. All the resulting plots show that the yield is higher with spare columns

as compared to no spare columns. In terms of fault ratio, results show that with

the increase in repairable fault ratio, the yield increases. Fig. 6.17 and Fig. 6.18
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illustrate the yield with two, four and no spare columns for the array sizes 256×256

and 512×512, respectively. Both SAFs are considered equal in these cases and the

value of λ0 is varied from 0 to 30. The results demonstrate that adding more redun-

dancies could boost the yield. As a result, crossbar array yield can be improved by

using effective re-training methods for memristive neural networks with SAFs and

redundancies.
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Figure 6.13: Yield evaluation with varying fault ratio for 4×4 memristor crossbar array.

Table 6.4: Comparison table for array size 4×4.

λ0=0.2 λ0=0.4 λ0=2 λ0=4
PD MC Difference PD MC Difference PD MC Difference PD MC Difference

no spare col 0.9047 0.9042 -0.0005 0.8178 0.8162 -0.0016 0.3383 0.3323 -0.006 0.0916 0.0898 -0.0018
two spare col 0.9998 0.9999 1e-04 0.9988 0.9996 0.0008 0.891 0.9606 0.0696 0.5312 0.7945 0.2633
four spare col 1 1 0 1 1 0 0.9930 1 0.007 0.8730 1 0.127

Table 6.5: Comparison table for array size 32×32.

λ0=0.2 λ0=0.4 λ0=2 λ0=4
PD MC Difference PD MC Difference PD MC Difference PD MC Difference

no spare col 0.8178 0.8177 -1e-04 0.8178 0.8177 -1e-04 0.3383 0.3371 -0.0012 0.0916 0.0903 -0.0013
two spare col 0.9988 0.9989 1e-04 0.9988 0.9989 1e-04 0.891 0.9054 0.0144 0.5312 0.5711 0.0399
four spare col 1 1 0 1 1 0 0.9930 0.9951 0.0021 0.8730 0.9040 0.031
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Figure 6.14: Yield evaluation with varying fault ratio for 32×32 memristor crossbar array.
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Figure 6.15: Yield evaluation with varying fault ratio for 128×128 memristor crossbar array.
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Figure 6.16: Yield evaluation with varying fault ratio for 256×256 memristor crossbar array.
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Figure 6.17: Yield evaluation for 256×256 memristor crossbar array.
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Figure 6.18: Yield evaluation for 512×512 memristor crossbar array.

Table 6.6: Comparison table for array size 128×128.

λ0=0.2 λ0=0.4 λ0=2 λ0=4
PD MC Difference PD MC Difference PD MC Difference PD MC Difference

no spare col 0.9047 0.9047 0 0.8178 0.8177 -1e-04 0.3383 0.3379 -0.0004 0.0916 0.0911 -0.0005
two spare col 0.9998 0.9998 0 9988 9989 1e-04 0.891 0.8988 0.0078 0.5312 0.5501 0.0189
four spare col 1 1 0 1 1 0 0.9930 0.9936 0.0006 0.8730 0.8812 0.0082

6.4 Comparison

The yield calculated by using two methods is compared in this section. For com-

parison, the Poisson distribution [89] and the Markov chain model [60] are used to

calculate yield. Many characteristics of these two methods are different. The Markov

chain uses a repair procedure that evolves in real-time, whereas the Poisson distri-

bution uses a static probabilistic analysis. Yield is evaluated using these methods by

considering different average defect rates and array sizes. The results are calculated

and compared using two, four and no spare columns as shown in Table 6.4, Table 6.5

and Table 6.6. In these tables, PD represents the Poisson distribution and MC rep-

resents the Markov chain method. The execution processes of these two methods

are also different in terms of memory size and aspect ratio. The same fault ratio is
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used in both methods. However, in terms of memory size and aspect ratio, the Pois-

son distribution method does not contain these. In terms of complexity, the Markov

chain approach is more complex than the Poisson distribution as it uses matrix mul-

tiplication as shown in Eq. 6.7. However, the number of matrix multiplications in

this equation is proportional to the desired accuracy, which is higher for lower values

of execution steps ∆λ and the highest value of the average fault number λ0. On

the other hand, for available spare columns and a given number of faults, the Pois-

son distribution method determines if there is a repair configuration authorised by

the available spare columns for each possible defect. As a result, it is required to

compute fewer operations than the Markov chain. However, the Poisson distribution

ignores the fault overlaps; it does not consider two horizontal pairs overlapping or

two stuck at faults on the same column. As the position of the faults also affects the

vector-matrix multiplication in memristive neural networks. We considered a lower

to higher average defect rate for comparison and these values are considered based

on the data used in [60]. The evaluated yield results for comparison are shown in

Table 6.4, Table 6.5 and Table 6.6. The results show that both methods produce

close or similar results for smaller values of λ0 and the yield calculated by using the

Poisson distribution is underestimated for higher values of average defect rate. As

a result, higher defect rates should be considered in order to obtain more accurate

results, and the Markov chain method is more effective for memristor crossbar based

neural networks as it considers fault positions and array sizes while evaluating the

yield and provides more accurate results for larger array sizes.
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6.5 Summary

In the first part of this chapter, the fault-tolerance of memristive neural networks is

analysed in the presence of faulty memristors. These faulty memristors are consid-

ered to be stuck at high resistance states. Then, the network is trained along with

these faulty memristors in the crossbar array. A number of trials were conducted

to check the performance of memristive crossbar neural circuits in the presence of

faulty memristors. C++ and LTspice are used to train and test these networks. The

results of fault-tolerance show that both the networks are able to learn most of the

non-separable functions even with 50% faulty memristors. However, it takes a longer

time to learn. Some of the tests learn faster than others. In the second part of this

chapter, the yield of a memristor crossbar array is calculated based on a Markov chain

approach. Yield is estimated for different sized memristor crossbar arrays with vary-

ing fault ratios. A Poisson distribution approach is also considered to evaluate the

yield and compare. The yield is calculated by considering zero, two, and four redun-

dancies for chosen array sizes. The Markov chain is more complex than the Poisson

distribution in terms of complexity. However, in terms of flexibility and accuracy,

the Markov chain provides more accuracy with a higher average defect rate, as the

results are shown. It is more flexible because the crossbar array can consider defect

positions, which is also helpful in re-training methods used for memristive crossbar

neural networks with stuck-at-faults. Thus, to obtain more accuracy, higher values

of the average defect rate should be chosen. Hence, the Markov chain can be more

effective for calculating the yield for memristive crossbar arrays used for deep neural

networks because it provides more accurate results with a higher average defect rate.
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Chapter 7

Conclusions and Future Work

Memristors have the ability to be fabricated with a higher synaptic density than

brain tissue due to their physical layout. A Memristor can be laid out as a high-

density crossbar. The key advantage of the memristor crossbar is that it performs a

large number of multiply-add computations in parallel in the analog domain. This

thesis presented the learning method and activation function for efficient design and

implementation of memristive neural networks. The chapters in this thesis also anal-

ysed the fault-tolerance and evaluated the yield of memristor crossbar-based neural

networks in the presence of stuck-at-faults (SAFs).

7.1 Summary of the Thesis

The work presented in this thesis represents the design and implementation of memristor-

based neural networks. It covered different areas of memristive neural networks that

are explained below:

• Electronic Design Automation (EDA) tools increase the complexity of connec-

tivity of massive neural networks and take more time to simulate. As the size of

the memristor crossbar increases, the simulation time also increases. Therefore,

a novel implementation of memristor models in a high-level language, espe-

cially in C++ was proposed in this thesis. Various single-layer and multi-layer

memristive neural networks were simulated successfully using this modelling
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approach. The implementation of memristive neural networks in this platform

reduces the simulation time. Using this environment, the circuit was simu-

lated faster than with EDA tools. Thus, it motivates the successful and faster

simulation of massive neural networks using this platform in the near future.

• Recent studies show that different mapping schemes and neuromorphic circuit

designs are required for ex-situ to achieve more accurate computations between

hardware and software. This thesis presented an improved training method for

ex-situ. The proposed training method is based on the voltage-divider technique

and the backpropagation algorithm. The simulation results have successfully

demonstrated the classification of linear and non-linearly separable problems

with consideration of sneak-paths and provided more accuracy during the im-

plementation of the ex-situ method in memristive neural networks. The results

also showed a reduced learning time in software.

• The majority of activation functions in memristive neural networks are im-

plemented using only operational amplifiers, which incur significant hardware

overhead. A novel circuit design for the activation function of neural networks

was proposed in this thesis. This circuit was designed using memristors, which

approximated the ReLU activation function. The results showed that the pro-

posed architecture required significantly lower hardware compared to existing

approaches and helped to speed up the training process due to the simplicity

of the underlying activation function.

• Stuck-at-faults have a significant impact on the computational accuracy of

memristor-based neural networks. This thesis presented the fault-tolerance

analysis and yield evaluation of memristor-based neural structures in the pres-

ence of SAFs. The results of the fault-tolerance tests showed that the memristive

neural networks are able to learn the majority of non-separable functions even

with 50% faulty memristors. The results of the yield evaluation showed that
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the yield can be improved by adding redundancies and increasing the SA0 fault

ratio.

• Various parameterized simulation tools in C++ and MATLAB were developed

to aid various research contributions in this work. Working with emerging

technologies is currently hindered by the limitations of existing EDA tools,

specifically for designing new devices like memristors. Memristor models are

not included in these EDA tools like resistors, capacitors and other components.

Thus, SPICE memristor models were developed to aid simulation with EDA

tools that made them difficult to converge. Thus, all these limitations slow

down the design and simulation processes of larger crossbar circuits.

7.2 Future Research

Although the proposed work in this thesis demonstrated the successful implementa-

tion of memristive neural networks, there are still several opportunities to improve

and extend the work. This section lists some of those opportunities:

• The simulation of memristive neural networks with C++ does not consider any

sneak-paths and line resistances in chapter3. This can be done by inducing

sneak-paths and line resistances in these simulations.

• A smaller set of multi-layer neural networks has been implemented and tested

for this improved learning method. The massive memristive neural networks

can be trained and tested using this learning method in ex-situ. Moreover, this

learning method can be used with some improved weight mapping schemes for

larger and more challenging datasets in memristive neural networks.

• The novel circuit design for activation function is used in ex-situ training method.

It can also be implemented and demonstrated in an in-situ training method by

considering larger datasets for deep neural networks.
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• The fault-tolerance analysis of memristor-based neural circuits considers faults

in either of the columns to ensure that one memristor in each pair should be

working. Faulty memristors can be considered as a pair to check performance

and the performance can also be checked with faults stuck in low resistance

states. For yield analysis, more detailed analysis can be done using larger array

sizes and more methods can be considered for evaluating yield.
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