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Abstract 

During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 

The objective of this paper was to model random vibration response of components of an automotive lamp made of 
Polycarbonate/Acrylonitrile Butadiene Styrene (PC-ABS), Polymethyl methacrylate (PMMA) and Polypropylene 40% Talc filled 
(PPT40) materials using a nonlinear hyperelastic model. Traditionally, the Rayleigh damping matrix used in the dynamic response 
analysis is constructed considering linear elastic behaviour based on either initial stiffness or secant stiffness. The performance of linear 
stiffness matrices is compared in this work with that based on the nonlinear hyperelastic, Mooney-Rivlin model, specifically addressing 
Rayleigh damping matrix construction. The random vibration responses of 10 samples of each material are measured. The mean square 
error of acceleration response was used to assess the effectiveness. Considering three materials of study, the hyperelastic model resulted 
in the reduction of the least square error at best by 11.8 times and at worst by 2.6 times. The Mooney-Rivlin material model based 
Raleigh damping matrix was more accurate in modelling the dynamic behaviour of components of nonlinear materials and it also 
represented the manufacturing variabilities more reliably.  
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1. Introduction 

    Polymers are now materials of choice in the construction of automotive lamps due to their good mechanical and 
optical properties, light weight and design flexibility. However, modelling dynamic response of polymers for fatigue 
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analysis can be demanding and complex, as their properties are severely influenced by their molecular structures, 
environmental condition and the method of manufacturing. The complexities increase if non-linear models are to be 
used. Polymers exhibit hyperelastic behaviour under deformation. The numerical simulation of the dynamic response 
of nonlinear elastic structures using hyperelastic material models can only be performed in transient mode, an analysis 
performed in the time domain. This analysis is computationally intensive compared to the traditional frequency 
domain approach but it offers an advantage of visualising the behaviour of a structure in real time along with 
appropriate considerations for nonlinearities. 
    In the numerical modelling of dynamic behaviour of structures, damping plays an important role in influencing the 
peak amplitudes. Rayleigh damping model is often used Nakamura (2016). The Rayleigh damping model comprises 
viscous and material or hysteresis damping components (alpha and beta). The damping matrix is proportional to the 
mass matrix and stiffness matrix. Traditionally, the damping matrix is constructed using linear model based stiffness, 
either using initial tensile stiffness or secant stiffness. The damping matrix based on linear model does not take into 
account the material nonlinearity as the stiffness is assumed to be constant for the entire elastic region. This may 
introduce errors in the analysis of a structure with nonlinear elastic materials such as polymers. This problem has been 
noted by Bernal (1994) and Zareian et al. (2010). Charney (2008) and Jehel et al. (2013) also presented the same view 
and suggest using tangent modulus based stiffness instead of initial tensile modulus. However, constructing damping 
matrix with tangent stiffness may still generate error in the dynamic response of a nonlinear system.  

In this study, the random vibration response of PC-ABS, PMMA and PPT40 materials of automotive lamp was 
modelled using nonlinear hyperelastic material model based stiffness damping matrix and the results  compared with 
those based on traditional linear model of initial stiffness and secant stiffness damping matrices.  The Mooney-Rivlin 
and linear models parameters of the three materials were obtained from uniaxial tension experimental data measured 
using non-contact video gauge. Ten samples each were tested to evaluate the effect of manufacturing variability. The 
proportional damping coefficients were obtained from damping ratios estimated using half power bandwidth method. 
A full transient simulation was performed using nonlinear Mooney-Rivlin stiffness based damping matrix and linear 
initial tensile and secant stiffness damping matrices. The corresponding acceleration responses were compared to the 
experimentally obtained acceleration response using a vibration shaker. The statistics of the acceleration response for 
Mooney-Rivlin based damping matrix were obtained from the simulation of ten specimens to measure the inter-sample 
variation due to manufacturing process. 

2. Random vibration response analysis 

    The base excited, randomly vibrating structure’s response can be written as: 

              �𝑀𝑀��𝑋𝑋� � � �𝐶𝐶��𝑋𝑋� � � �𝐾𝐾��𝑋𝑋� � � � �𝑚𝑚𝑚𝑚��                                                                                                     ��� 

where  �𝑋𝑋�, �𝑋𝑋� � and �𝑋𝑋� � are nodal displacement nodal velocity and nodal acceleration vectors respectively. �𝑀𝑀�, �𝐶𝐶� 
and �𝐾𝐾� are mass, damping and stiffness matrices and m is mass of the base and  𝑚𝑚�  is a random acceleration input. The 
stiffness and damping matrices on the left hand of the equation play major roles in the system behaviour and therefore 
need to be clearly defined. 

2.1. Stiffness matrix 

    The linear stiffness has been widely used in modelling the response of a structure subjected to external loading. 
However, with a high level of non-linearity in polymers, large errors may occur if linear stiffness model are used. The 
non-linear elastic behaviour of polymers can be modelled using hyperplastic model. Here, nonlinear material model 
of hyperelastic and linear material models are described. The elastic modulus which is a measure of stiffness is 
captured at every point of the curve for hyperelastic model but for linear model only one value of modulus is obtained, 
which can be either elastic modulus or tensile modulus. 

2.2. Hyperelastic material model 

    The hyperelastic models can be of phenomenological and micromechanical type. The stress-strain relationship for 
hyperelastic material is generally obtained from a strain energy density function, which is normally denoted as W; 
stress is obtained as a first derivative of the strain energy density function and with respect to strain: 

http://crossmark.crossref.org/dialog/?doi=10.1016/j.prostr.2018.12.302&domain=pdf
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analysis can be demanding and complex, as their properties are severely influenced by their molecular structures, 
environmental condition and the method of manufacturing. The complexities increase if non-linear models are to be 
used. Polymers exhibit hyperelastic behaviour under deformation. The numerical simulation of the dynamic response 
of nonlinear elastic structures using hyperelastic material models can only be performed in transient mode, an analysis 
performed in the time domain. This analysis is computationally intensive compared to the traditional frequency 
domain approach but it offers an advantage of visualising the behaviour of a structure in real time along with 
appropriate considerations for nonlinearities. 
    In the numerical modelling of dynamic behaviour of structures, damping plays an important role in influencing the 
peak amplitudes. Rayleigh damping model is often used Nakamura (2016). The Rayleigh damping model comprises 
viscous and material or hysteresis damping components (alpha and beta). The damping matrix is proportional to the 
mass matrix and stiffness matrix. Traditionally, the damping matrix is constructed using linear model based stiffness, 
either using initial tensile stiffness or secant stiffness. The damping matrix based on linear model does not take into 
account the material nonlinearity as the stiffness is assumed to be constant for the entire elastic region. This may 
introduce errors in the analysis of a structure with nonlinear elastic materials such as polymers. This problem has been 
noted by Bernal (1994) and Zareian et al. (2010). Charney (2008) and Jehel et al. (2013) also presented the same view 
and suggest using tangent modulus based stiffness instead of initial tensile modulus. However, constructing damping 
matrix with tangent stiffness may still generate error in the dynamic response of a nonlinear system.  

In this study, the random vibration response of PC-ABS, PMMA and PPT40 materials of automotive lamp was 
modelled using nonlinear hyperelastic material model based stiffness damping matrix and the results  compared with 
those based on traditional linear model of initial stiffness and secant stiffness damping matrices.  The Mooney-Rivlin 
and linear models parameters of the three materials were obtained from uniaxial tension experimental data measured 
using non-contact video gauge. Ten samples each were tested to evaluate the effect of manufacturing variability. The 
proportional damping coefficients were obtained from damping ratios estimated using half power bandwidth method. 
A full transient simulation was performed using nonlinear Mooney-Rivlin stiffness based damping matrix and linear 
initial tensile and secant stiffness damping matrices. The corresponding acceleration responses were compared to the 
experimentally obtained acceleration response using a vibration shaker. The statistics of the acceleration response for 
Mooney-Rivlin based damping matrix were obtained from the simulation of ten specimens to measure the inter-sample 
variation due to manufacturing process. 

2. Random vibration response analysis 

    The base excited, randomly vibrating structure’s response can be written as: 

              �𝑀𝑀��𝑋𝑋� � � �𝐶𝐶��𝑋𝑋� � � �𝐾𝐾��𝑋𝑋� � � � �𝑚𝑚𝑚𝑚��                                                                                                     ��� 

where  �𝑋𝑋�, �𝑋𝑋� � and �𝑋𝑋� � are nodal displacement nodal velocity and nodal acceleration vectors respectively. �𝑀𝑀�, �𝐶𝐶� 
and �𝐾𝐾� are mass, damping and stiffness matrices and m is mass of the base and  𝑚𝑚�  is a random acceleration input. The 
stiffness and damping matrices on the left hand of the equation play major roles in the system behaviour and therefore 
need to be clearly defined. 

2.1. Stiffness matrix 

    The linear stiffness has been widely used in modelling the response of a structure subjected to external loading. 
However, with a high level of non-linearity in polymers, large errors may occur if linear stiffness model are used. The 
non-linear elastic behaviour of polymers can be modelled using hyperplastic model. Here, nonlinear material model 
of hyperelastic and linear material models are described. The elastic modulus which is a measure of stiffness is 
captured at every point of the curve for hyperelastic model but for linear model only one value of modulus is obtained, 
which can be either elastic modulus or tensile modulus. 

2.2. Hyperelastic material model 

    The hyperelastic models can be of phenomenological and micromechanical type. The stress-strain relationship for 
hyperelastic material is generally obtained from a strain energy density function, which is normally denoted as W; 
stress is obtained as a first derivative of the strain energy density function and with respect to strain: 
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           𝜎𝜎�� � ��
����

                                                                                                                                                         ��� 

    For incompressible materials, the strain energy density function is dependent on the stretch invariants 𝐼𝐼�,�. The 
stretch invariants are given by: 𝐼𝐼� � 𝜆𝜆�� � 𝜆𝜆�� � 𝜆𝜆�� and  𝐼𝐼� � 𝜆𝜆��𝜆𝜆�� � 𝜆𝜆��𝜆𝜆�� � 𝜆𝜆��𝜆𝜆�� . The principal stretch ratios �𝜆𝜆�,�,�� 
are obtained from the transformation of principal axis, and for uniaxial tension they are: 

           𝜆𝜆� � 𝜆𝜆 � �
��

;    𝜆𝜆� � 𝜆𝜆� � �
√�                                                                                                                          ��� 

    It is shown in Okeke et al. (2017) that Mooney-Rivlin model, Mooney (1940), Rivlin (1948), which is of a 
phenomenological type, represents the elastic behaviour of polymer materials robustly. The order of the model can be 
varied depending on the magnitude of the exhibited non-linearity. In this study three parameter Mooney-Rivlin model 
was used to model the mechanical behaviours of PC-ABS and PMMA materials while five parameter model was used 
for PPT40 material. The uniaxial stress expressions for incompressible material for three and five parameter Mooney-
Rivlin model are given below Kumar et al. (2016), Nowark (2008): 
 
3 – Parameters: 

             𝜎𝜎�� � �𝐶𝐶�� �𝜆𝜆 � �
�� � �𝐶𝐶�� �� � �

��� � 6𝐶𝐶���𝜆𝜆� � 𝜆𝜆 � � � �
�� � �

�� � �
��                                                     �4� 

5 – Parameters: 

            𝜎𝜎�� � �𝐶𝐶�� �𝜆𝜆 � �
�� � �𝐶𝐶�� �� � �

��� � 6𝐶𝐶�� �𝜆𝜆� � 𝜆𝜆 � � � �
�� � �

�� � �
��� � 4𝐶𝐶��𝜆𝜆 �� � �

��� �𝜆𝜆� � �
� � �� �

4𝐶𝐶�� ��𝜆𝜆 � �
�� � �� �� � �

���                                                                                                                                                       ��� 

The material constants 𝐶𝐶��, 𝐶𝐶��, 𝐶𝐶��, 𝐶𝐶��, and 𝐶𝐶�� are determined from the experimental data. 

2.3. Linear elastic model 

    The principle of linear elastic model is that the stress is proportional to strain and the deformation resulting from 
the applied load is small. This model is grounded on Hooke’s law of isotropic elasticity. The ratio of stress to the 
corresponding strain known as elastic modulus (𝐸𝐸) and the ratio of transverse strain to longitudinal strain known as 
Poisson’s ratio (𝝊𝝊) are the two basic elastic parameters required for linear elastic model. When there is no 
proportionality between the stress and the strain within the elastic limit, the standards ASTM (D638-02), recommends 
the use of secant modulus in the linear model instead of elastic modulus. The secant modulus is defined as the ratio 
of the nominal stress to corresponding strain at any chosen point on the stress-strain curve. The equations for the linear 
and secant modulus are given below in equation (6): 

                𝐸𝐸� � 𝜎𝜎� � 𝜎𝜎�
𝜀𝜀� � 𝜀𝜀�

,     𝐸𝐸� � 𝜎𝜎
Ɛ                                                                                                                                                  �6� 

2.4. Damping matrix 

    The damping matric is expressed as: 

             �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾�                                                                                                                                                            ��� 

where alpha (𝛼𝛼) and beta (𝛽𝛽) are Rayleigh damping components. Alpha (𝛼𝛼) represents the viscous damping element 
and beta (𝛽𝛽) represents the material or hysteresis damping element. Both Rayleigh components can be obtained from 
the following systems of equations: 

              𝛼𝛼 � 𝛽𝛽𝜔𝜔�� � �𝜔𝜔�𝜁𝜁� , 𝛼𝛼 � 𝛽𝛽𝜔𝜔�� � �𝜔𝜔�𝜁𝜁�                                                                                                               ��� 

here 𝜁𝜁 and 𝜔𝜔 are the damping ratio and the corresponding natural frequency. The damping properties can be estimated 
using the first two modes of vibration. The Rayleigh damping components based on first two modes of vibration are 
described by the equations: 
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              𝛼𝛼 � �𝜔𝜔�𝜔𝜔�
𝜁𝜁�𝜔𝜔� � 𝜁𝜁�𝜔𝜔�

𝜔𝜔�� � 𝜔𝜔��
,   � � � 𝜁𝜁�𝜔𝜔� � 𝜁𝜁�𝜔𝜔�

𝜔𝜔�� � 𝜔𝜔��
                                                                                                      ��� 

The Rayleigh damping constants alpha (𝛼𝛼) and beta (𝛽𝛽) can be used to generate three damping matrices based on the 
material models. For linear model based damping matrix of equation (6) using initial tensile stiffness and tensile 
stiffness, we have: 

           �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾���������Ɛ��Ɛ�
,   �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾�����

Ɛ��                                                                                       ���� 

For nonlinear Mooney-Rivlin model damping matrix is given by:          
          �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾��������

���
                                                                                                                                            ���� 

3. Experimental 

3.1. Tensile testing 

    The PC-ABS and PPT40 test specimens were standard A1 injection moulded dumb bell tensile specimens supplied 
by manufacturers Albis and Plastribution respectively. The dimensions were in line with the recommendation in the 
test standard BS EN ISO (527-2). Apart from the PMMA, the dimensions of all the tested samples of the materials 
were 170mm x 10mm x 4mm.  For the PMMA material, dog bone shaped specimens were cut out from an optical 
plate that was injection moulded at Wipac. The dimensions of the narrow parallel sided portion were 80mm x 10mm 
x 3mm. The tensile testing was performed under room temperature using Instron 5582 tensile test machine. A constant 
crosshead speed of 1mm/min was used to pull the samples to failure. The strain was determined using non-contact 
video gauge. Ten specimens for each of the materials were tested. 

3.2. Random Vibration testing 

    The random vibration test was performed under room temperature using LDS V721 vibration shaker. The shaker 
was driven by LDS 5KVA Spak Power Amplifier, and controlled with LDS laser USB controller. The test profile was 
based on ISO (16750-3) specification. The value of the root mean square (RMS) of the random vibration acceleration 
profile was 27.8m/s2 and the frequency range was of 10 to 1000Hz. The test specimen was mounted on a test fixture 
in a cantilever arrangement. The control and response accelerometers used were PCB Piezotronics 353B03 and 
352C22 miniature respectively.  

3.3. Damping test 

    The damping test was performed by a sine sweep input from 5 to 1000Hz frequency range and a constant input 
acceleration of 1g. Five specimens for each of the materials were tested. The test set-up was the same as the random 
vibration test in section 3.2. Since the resonance frequencies were well separated, the half power bandwidth method 
was used to estimate the modal damping ratios.  

4. Finite element simulation 

    The random vibration response analysis of a system with nonlinear material can only be carried out in transient 
mode. In this study, a full transient simulation was performed using ANSYS workbench to validate the dynamic 
response of PC-ABS, PMMA and PPT40 polymers subjected to random vibration loading.  Parameters of each of the 
ten specimens characterised with both linear and non-linear models were simulated to validate the inter-sample 
variations in the responses. The random vibration input loading of the specification ISO (16750-3) was converted 
from frequency domain to time domain using electrodynamic vibration shaker. A large mass was added to the base of 
the specimens to facilitate the base excitation of the system which was a cantilever beam arrangement. The added 
large mass was used to convert the input acceleration spectrum to an input force spectrum in order to avoid the 
undesirable results from the mass proportional damping (alpha). Fig 1 shows the schematic diagram of the test 
arrangement. F is the shaker force required to achieve appropriate level of imposed base acceleration. 
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    For incompressible materials, the strain energy density function is dependent on the stretch invariants 𝐼𝐼�,�. The 
stretch invariants are given by: 𝐼𝐼� � 𝜆𝜆�� � 𝜆𝜆�� � 𝜆𝜆�� and  𝐼𝐼� � 𝜆𝜆��𝜆𝜆�� � 𝜆𝜆��𝜆𝜆�� � 𝜆𝜆��𝜆𝜆�� . The principal stretch ratios �𝜆𝜆�,�,�� 
are obtained from the transformation of principal axis, and for uniaxial tension they are: 

           𝜆𝜆� � 𝜆𝜆 � �
��

;    𝜆𝜆� � 𝜆𝜆� � �
√�                                                                                                                          ��� 

    It is shown in Okeke et al. (2017) that Mooney-Rivlin model, Mooney (1940), Rivlin (1948), which is of a 
phenomenological type, represents the elastic behaviour of polymer materials robustly. The order of the model can be 
varied depending on the magnitude of the exhibited non-linearity. In this study three parameter Mooney-Rivlin model 
was used to model the mechanical behaviours of PC-ABS and PMMA materials while five parameter model was used 
for PPT40 material. The uniaxial stress expressions for incompressible material for three and five parameter Mooney-
Rivlin model are given below Kumar et al. (2016), Nowark (2008): 
 
3 – Parameters: 
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The material constants 𝐶𝐶��, 𝐶𝐶��, 𝐶𝐶��, 𝐶𝐶��, and 𝐶𝐶�� are determined from the experimental data. 

2.3. Linear elastic model 

    The principle of linear elastic model is that the stress is proportional to strain and the deformation resulting from 
the applied load is small. This model is grounded on Hooke’s law of isotropic elasticity. The ratio of stress to the 
corresponding strain known as elastic modulus (𝐸𝐸) and the ratio of transverse strain to longitudinal strain known as 
Poisson’s ratio (𝝊𝝊) are the two basic elastic parameters required for linear elastic model. When there is no 
proportionality between the stress and the strain within the elastic limit, the standards ASTM (D638-02), recommends 
the use of secant modulus in the linear model instead of elastic modulus. The secant modulus is defined as the ratio 
of the nominal stress to corresponding strain at any chosen point on the stress-strain curve. The equations for the linear 
and secant modulus are given below in equation (6): 

                𝐸𝐸� � 𝜎𝜎� � 𝜎𝜎�
𝜀𝜀� � 𝜀𝜀�

,     𝐸𝐸� � 𝜎𝜎
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2.4. Damping matrix 

    The damping matric is expressed as: 

             �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾�                                                                                                                                                            ��� 

where alpha (𝛼𝛼) and beta (𝛽𝛽) are Rayleigh damping components. Alpha (𝛼𝛼) represents the viscous damping element 
and beta (𝛽𝛽) represents the material or hysteresis damping element. Both Rayleigh components can be obtained from 
the following systems of equations: 

              𝛼𝛼 � 𝛽𝛽𝜔𝜔�� � �𝜔𝜔�𝜁𝜁� , 𝛼𝛼 � 𝛽𝛽𝜔𝜔�� � �𝜔𝜔�𝜁𝜁�                                                                                                               ��� 

here 𝜁𝜁 and 𝜔𝜔 are the damping ratio and the corresponding natural frequency. The damping properties can be estimated 
using the first two modes of vibration. The Rayleigh damping components based on first two modes of vibration are 
described by the equations: 
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              𝛼𝛼 � �𝜔𝜔�𝜔𝜔�
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The Rayleigh damping constants alpha (𝛼𝛼) and beta (𝛽𝛽) can be used to generate three damping matrices based on the 
material models. For linear model based damping matrix of equation (6) using initial tensile stiffness and tensile 
stiffness, we have: 

           �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾���������Ɛ��Ɛ�
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For nonlinear Mooney-Rivlin model damping matrix is given by:          
          �𝐶𝐶� � 𝛼𝛼�𝑀𝑀� � 𝛽𝛽�𝐾𝐾��������

���
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3. Experimental 

3.1. Tensile testing 

    The PC-ABS and PPT40 test specimens were standard A1 injection moulded dumb bell tensile specimens supplied 
by manufacturers Albis and Plastribution respectively. The dimensions were in line with the recommendation in the 
test standard BS EN ISO (527-2). Apart from the PMMA, the dimensions of all the tested samples of the materials 
were 170mm x 10mm x 4mm.  For the PMMA material, dog bone shaped specimens were cut out from an optical 
plate that was injection moulded at Wipac. The dimensions of the narrow parallel sided portion were 80mm x 10mm 
x 3mm. The tensile testing was performed under room temperature using Instron 5582 tensile test machine. A constant 
crosshead speed of 1mm/min was used to pull the samples to failure. The strain was determined using non-contact 
video gauge. Ten specimens for each of the materials were tested. 

3.2. Random Vibration testing 

    The random vibration test was performed under room temperature using LDS V721 vibration shaker. The shaker 
was driven by LDS 5KVA Spak Power Amplifier, and controlled with LDS laser USB controller. The test profile was 
based on ISO (16750-3) specification. The value of the root mean square (RMS) of the random vibration acceleration 
profile was 27.8m/s2 and the frequency range was of 10 to 1000Hz. The test specimen was mounted on a test fixture 
in a cantilever arrangement. The control and response accelerometers used were PCB Piezotronics 353B03 and 
352C22 miniature respectively.  

3.3. Damping test 

    The damping test was performed by a sine sweep input from 5 to 1000Hz frequency range and a constant input 
acceleration of 1g. Five specimens for each of the materials were tested. The test set-up was the same as the random 
vibration test in section 3.2. Since the resonance frequencies were well separated, the half power bandwidth method 
was used to estimate the modal damping ratios.  

4. Finite element simulation 

    The random vibration response analysis of a system with nonlinear material can only be carried out in transient 
mode. In this study, a full transient simulation was performed using ANSYS workbench to validate the dynamic 
response of PC-ABS, PMMA and PPT40 polymers subjected to random vibration loading.  Parameters of each of the 
ten specimens characterised with both linear and non-linear models were simulated to validate the inter-sample 
variations in the responses. The random vibration input loading of the specification ISO (16750-3) was converted 
from frequency domain to time domain using electrodynamic vibration shaker. A large mass was added to the base of 
the specimens to facilitate the base excitation of the system which was a cantilever beam arrangement. The added 
large mass was used to convert the input acceleration spectrum to an input force spectrum in order to avoid the 
undesirable results from the mass proportional damping (alpha). Fig 1 shows the schematic diagram of the test 
arrangement. F is the shaker force required to achieve appropriate level of imposed base acceleration. 
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Figure 1: Schematic diagram of the model set-up 

5. Results and discussion 

5.1. Stress-strain curves 

    The stress-strain curves of PC-ABS, PMMA and PPT40 materials are shown in fig 2. The curves represent 90% 
yield stress of the materials. In practice, the yield stress of 80% to 90% material is adopted as the safe design stress in 
the engineering applications. The yield stress of the materials averaged over ten specimens tested was 53MPa for PC-
ABS, 62MPa for PMMA and 28MPa for PPT40.  It can be observed from the plots that the stress-strain curves of the 
three materials show nonlinearity up to the elastic peak stress (elastic limit). This nonlinearity appears to be largest in 
PPT40 followed by PMMA material. The nonlinear behaviour in the elastic region resulted in the variation of the 
elastic properties. The stiffness of these materials varied and the rate of variation can be significant depending on the 
level of the strain experienced by the materials when subjected to external loading. Another important aspect to note 
here is inter-sample variations, which were due to the manufacturing process. There were significant inter-sample 
variations in PPT40 material, and PC-ABS and PMMA also showed inter-sample variations but to lesser degree. This 
observed nonlinearity and the inter-sample variations need to be taken into account when these materials are used in 
construction of engineering structures.  

 
Figure 2: Stress-strain curves - (a) PC-ABS, (b) PMMA, (c) PPT40 

5.2. Hyperelastic material model parameters 

    The Mooney-Rivlin model parameters were derived from the experimental data using MATLAB. The material 
model parameters were obtained from ten specimens for each of the three materials. Statistical analysis was performed 
on the parameters obtained in order to understand the measure of variation. The statistical results for the Mooney-
Rivlin model parameters are given in Table 1. The result shows that the C01 parameter of 3-parameter Mooney-Rivlin 
for PC-ABS and PMMA exhibits higher deviation from the mean when compared to C10 and C11 parameters. The C01 
parameter has a significant influence on the level of material nonlinearity, the larger the C01 the larger the nonlinearity 
in the material. Overall, the standard deviation is higher for the PC-ABS when compared to PMMA material. The 5-
parameter model used for the PPT40 material shows higher standard deviation when compared to the 3-parameter 
used for the other two materials. 
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Table 1: Hyperelastic material model parameters 

 PC-ABS PMMA PPT40 

Constants Mean Standard 
deviation 

 Mean Standard 
deviation

 Mean Standard 
deviation 

C10 11.340 0.956 14.812 1.014 53.300 59.700 
C01 -4.507 1.987 -5.688 2.215 -36.300 52.400 
C11 -0.452 0.067 -0.648 0.039 -4.300 141.200 
C20 - - - - 8.800 202.900 
C02 - - - - -23.100 89.200 

 
    The mean values of the model parameters obtained were used to construct average stress-strain curve and compared 
to the mean experimental stress and the plots are shown in fig 3. Mooney-Rivlin 3-paramter model for PC-ABS and 
PMMA materials shows good agreement with the experiment, while 5-parameter for PPT40 closely follows the 
experimental curve but not as good as the other two materials. Overall, it is evident that Mooney-Rivlin model gives 
a good representation of the elastic behaviour of polymers. 

 
Figure 3: Stress-strain curves - experiment and models - (a) PC-ABS, (b) PMMA, (c) PPT40 

5.3. Linear material model parameters 

     The linear model parameters were obtained from ten specimens for each of the materials in accordance to the 
standards (BS EN ISO 525-2, ASTM D638-02a). Statistical analysis was performed on the models parameters obtained 
to understand the statistical measure of variation. The parameters of the linear elastic models in table 2 show minimal 
standard variation for all the materials. For tensile stress, PMMA shows 2.7% standard deviation which is the largest 
when compared to 0.3% and 0.6% of PC-ABS and PPT40 materials respectively. For the initial tensile modulus, 
PPT40 material has 16% standard deviation which is the largest when compared to 15.8 and 5% for PC-ABS and 
PMMA materials. For secant modulus and Poisson’s ratio, again PPT40 standard deviations are higher, 7.3% and 25% 
respectively, while PMMA has 6% and 18%, and PC-ABS has the least of 2.3% and 16%. 

Table 2: Linear elastic model parameters 

 PC-ABS PMMA PPT40 

  Mean Standard 
deviation   Mean Standard 

deviation   Mean Standard 
deviation

Initial Tensile Modulus (MPa) 2269.000 359.000 3209.900 163.100 4853.000 782.000
Secant Modulus (MPa) 1733.100 40.400 1967.300 121.400 2142.900 155.800
Poisson's ratio 0.398 0.063 0.448 0.080 0.348 0.087

5.4. Damping 

    The damping ratios based on five specimens were obtained from two dominants vibration modes using half power 
bandwidth method. The values of the damping ratios were used to calculate Rayleigh damping constants and the 
statistics were measured. Table 3 lists the statistics of the Rayleigh damping constants. The standard deviation of alpha 
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Figure 1: Schematic diagram of the model set-up 
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level of the strain experienced by the materials when subjected to external loading. Another important aspect to note 
here is inter-sample variations, which were due to the manufacturing process. There were significant inter-sample 
variations in PPT40 material, and PC-ABS and PMMA also showed inter-sample variations but to lesser degree. This 
observed nonlinearity and the inter-sample variations need to be taken into account when these materials are used in 
construction of engineering structures.  

 
Figure 2: Stress-strain curves - (a) PC-ABS, (b) PMMA, (c) PPT40 
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on the parameters obtained in order to understand the measure of variation. The statistical results for the Mooney-
Rivlin model parameters are given in Table 1. The result shows that the C01 parameter of 3-parameter Mooney-Rivlin 
for PC-ABS and PMMA exhibits higher deviation from the mean when compared to C10 and C11 parameters. The C01 
parameter has a significant influence on the level of material nonlinearity, the larger the C01 the larger the nonlinearity 
in the material. Overall, the standard deviation is higher for the PC-ABS when compared to PMMA material. The 5-
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Table 1: Hyperelastic material model parameters 

 PC-ABS PMMA PPT40 

Constants Mean Standard 
deviation 

 Mean Standard 
deviation

 Mean Standard 
deviation 

C10 11.340 0.956 14.812 1.014 53.300 59.700 
C01 -4.507 1.987 -5.688 2.215 -36.300 52.400 
C11 -0.452 0.067 -0.648 0.039 -4.300 141.200 
C20 - - - - 8.800 202.900 
C02 - - - - -23.100 89.200 

 
    The mean values of the model parameters obtained were used to construct average stress-strain curve and compared 
to the mean experimental stress and the plots are shown in fig 3. Mooney-Rivlin 3-paramter model for PC-ABS and 
PMMA materials shows good agreement with the experiment, while 5-parameter for PPT40 closely follows the 
experimental curve but not as good as the other two materials. Overall, it is evident that Mooney-Rivlin model gives 
a good representation of the elastic behaviour of polymers. 

 
Figure 3: Stress-strain curves - experiment and models - (a) PC-ABS, (b) PMMA, (c) PPT40 

5.3. Linear material model parameters 

     The linear model parameters were obtained from ten specimens for each of the materials in accordance to the 
standards (BS EN ISO 525-2, ASTM D638-02a). Statistical analysis was performed on the models parameters obtained 
to understand the statistical measure of variation. The parameters of the linear elastic models in table 2 show minimal 
standard variation for all the materials. For tensile stress, PMMA shows 2.7% standard deviation which is the largest 
when compared to 0.3% and 0.6% of PC-ABS and PPT40 materials respectively. For the initial tensile modulus, 
PPT40 material has 16% standard deviation which is the largest when compared to 15.8 and 5% for PC-ABS and 
PMMA materials. For secant modulus and Poisson’s ratio, again PPT40 standard deviations are higher, 7.3% and 25% 
respectively, while PMMA has 6% and 18%, and PC-ABS has the least of 2.3% and 16%. 

Table 2: Linear elastic model parameters 

 PC-ABS PMMA PPT40 

  Mean Standard 
deviation   Mean Standard 

deviation   Mean Standard 
deviation

Initial Tensile Modulus (MPa) 2269.000 359.000 3209.900 163.100 4853.000 782.000
Secant Modulus (MPa) 1733.100 40.400 1967.300 121.400 2142.900 155.800
Poisson's ratio 0.398 0.063 0.448 0.080 0.348 0.087

5.4. Damping 

    The damping ratios based on five specimens were obtained from two dominants vibration modes using half power 
bandwidth method. The values of the damping ratios were used to calculate Rayleigh damping constants and the 
statistics were measured. Table 3 lists the statistics of the Rayleigh damping constants. The standard deviation of alpha 
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and beta of PC-ABS material were 1% and 18% respectively. For PMMA material, standard deviations of alpha and 
beta were 11% and 33% respectively. In the case of PPT40 material, the standard deviation of the mean for alpha and 
beta are 16% and 10% respectively. The mean values of the Rayleigh components were used to construct the damping 
matrix to assess the behaviour of these materials under random vibration loading.  
 

Table 3: Rayleigh damping constants based on tests of five specimens 

 PC-ABS PMMA PPT40 
Constants Mean Standard deviation Mean Standard deviation Mean Standard deviation
Beta (β) 3.27E-06 5.9407E-07 3.53E-05 1.16935E-05 2.06E-05 2.06007E-06

Alpha (α) 10.539 0.114 18.672 2.040 23.207 3.746

6. Simulation results 

6.1. Responses - Hyperelastic versus linear elastic of initial and secant based stiffness 

    Modelling the dynamic response of a system with nonlinear material requires the use of nonlinear hyperelastic material 
model. However, linear elastic model has normally been used for this type of problem Jehel et al (2014). Here the stiffness 
part of damping matrix was constructed with hyperelastic material model based stiffness and linear elastic model of initial 
and secant based stiffness and the dynamic response results of these models are compared with the experimental result. 
The material parameters used to model the random responses for both linear and nonlinear were the mean values obtained 
over ten specimens. Fig 4 shows the acceleration responses of PC-ABS material for the three models studied, (a) 
hyperelastic stiffness based damping matrix, (b) initial stiffness based damping matrix and (c) secant stiffness based 
damping matrix. The response curve of the hyperelastic Mooney-Rivlin model was in better agreement with the 
experimental response curve than that of linear models of initial stiffness and secant stiffness models; this was also true 
for PMMA and PPT40 materials. The mean square error of acceleration response was compared to the experimental 
response for the models of all the three materials as shown in fig 5. It can be seen that the mean square error of acceleration 
for the hyperelastic material model is the least for all the materials. For PC-ABS material, the mean square error for 
hyperelastic material model was 0.7(m2/s4), the corresponding values for linear elastic models of initial tensile modulus 
and the secant modulus were 8.3(m2/s4) and 6.2(m2/s4). For the PPT40 material, the hyperelastic model had a mean square 
error of 1.06(m2/s4) and the corresponding values for linear elastic models of initial tensile modulus and the secant 
modulus were 4.1(m2/s4) and 2.2(m2/s4) respectively. In the case of PMMA material, the mean square error of hyperelastic 
material model was 0.62(m2/s4), the linear elastic models of initial tensile modulus and the secant modulus are 4.2(m/s2)2 
and 2.8(m2/s4), much higher than for hyperelastic model. 

 

 
Figure 4: Response acceleration- PC-ABS - (a) hyperelastic, (b) initial tensile stiffness, (c) secant stiffness 
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Figure 5: Mean square error of acceleration 

    It appears that the materials with lower strength had higher mean square error of acceleration for the hyperelastic 
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and beta of PC-ABS material were 1% and 18% respectively. For PMMA material, standard deviations of alpha and 
beta were 11% and 33% respectively. In the case of PPT40 material, the standard deviation of the mean for alpha and 
beta are 16% and 10% respectively. The mean values of the Rayleigh components were used to construct the damping 
matrix to assess the behaviour of these materials under random vibration loading.  
 

Table 3: Rayleigh damping constants based on tests of five specimens 

 PC-ABS PMMA PPT40 
Constants Mean Standard deviation Mean Standard deviation Mean Standard deviation
Beta (β) 3.27E-06 5.9407E-07 3.53E-05 1.16935E-05 2.06E-05 2.06007E-06

Alpha (α) 10.539 0.114 18.672 2.040 23.207 3.746

6. Simulation results 

6.1. Responses - Hyperelastic versus linear elastic of initial and secant based stiffness 

    Modelling the dynamic response of a system with nonlinear material requires the use of nonlinear hyperelastic material 
model. However, linear elastic model has normally been used for this type of problem Jehel et al (2014). Here the stiffness 
part of damping matrix was constructed with hyperelastic material model based stiffness and linear elastic model of initial 
and secant based stiffness and the dynamic response results of these models are compared with the experimental result. 
The material parameters used to model the random responses for both linear and nonlinear were the mean values obtained 
over ten specimens. Fig 4 shows the acceleration responses of PC-ABS material for the three models studied, (a) 
hyperelastic stiffness based damping matrix, (b) initial stiffness based damping matrix and (c) secant stiffness based 
damping matrix. The response curve of the hyperelastic Mooney-Rivlin model was in better agreement with the 
experimental response curve than that of linear models of initial stiffness and secant stiffness models; this was also true 
for PMMA and PPT40 materials. The mean square error of acceleration response was compared to the experimental 
response for the models of all the three materials as shown in fig 5. It can be seen that the mean square error of acceleration 
for the hyperelastic material model is the least for all the materials. For PC-ABS material, the mean square error for 
hyperelastic material model was 0.7(m2/s4), the corresponding values for linear elastic models of initial tensile modulus 
and the secant modulus were 8.3(m2/s4) and 6.2(m2/s4). For the PPT40 material, the hyperelastic model had a mean square 
error of 1.06(m2/s4) and the corresponding values for linear elastic models of initial tensile modulus and the secant 
modulus were 4.1(m2/s4) and 2.2(m2/s4) respectively. In the case of PMMA material, the mean square error of hyperelastic 
material model was 0.62(m2/s4), the linear elastic models of initial tensile modulus and the secant modulus are 4.2(m/s2)2 
and 2.8(m2/s4), much higher than for hyperelastic model. 

 

 
Figure 4: Response acceleration- PC-ABS - (a) hyperelastic, (b) initial tensile stiffness, (c) secant stiffness 
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Figure 8: Response acceleration- PPT40 - (a) 0 to 0.2sec, (b) 0.2 to 0.4sec 

7. Conclusions 

      A study on the use of hyperelastic Mooney-Rivlin material model based Rayleigh damping matrix in random 
vibration response analysis of components of an automotive lamp made of Polycarbonate/Acrylonitrile Butadiene 
Styrene (PC-ABS), Polymethyl methacrylate (PMMA) and Polypropylene 40% Talc filled (PPT40) materials has been 
presented. The acceleration response based on nonlinear Mooney-Rivlin stiffness damping matrix was compared to 
the linear elastic models based stiffness matrices. It was shown that the mean square error of acceleration response for 
the Mooney-Rivlin model  based Rayleigh damping matrix was the least, 0.7(m2/s4), 1.06(m/s2)2 and 0.62(m2/s4) for 
PC-ABS, PMMA and PPT40 respectively. The corresponding values for linear elastic models of initial tensile stiffness 
and the secant stiffness were 8.3(m2/s4) and 6.2(m2/s4) higher than that of Mooney-Rivlin for PC-ABS, 4.2(m2/s4) and 
2.8(m2/s4) for PMMA and 4.1(m2/s4) and 2.2(m2/s4) for PPT40 respectively. The Mooney-Rivlin material model based 
Raleigh damping matrix was more accurate in modelling the dynamic behaviour of components of nonlinear materials 
and it represented the manufacturing variabilities more reliably. Therefore, it is essential that nonlinear material 
stiffness based is used when developing virtual prototype for dynamic response analysis of nonlinear system.  
    The PMMA material which was the strongest of the three materials had the lowest mean square error of acceleration 
followed by PC-ABS and then PPT40 material. The materials with lower strength exhibited larger nonlinearity and 
larger error in the dynamic responses.  
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