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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/WangKaizhen Effective uncertainty estimation is becoming increasingly attractive for enhancing the reliability of neural
g/CreINNs networks. This work presents a novel approach, termed Credal-Set Interval Neural Networks (CreINNs), for
Keywords: classification. CreINNs retain the fundamental structure of traditional Interval Neural Networks, capturing

weight uncertainty through deterministic intervals. CreINNs are designed to predict an upper and a lower
probability bound for each class, rather than a single probability value. The probability intervals can define a

Credal sets
Classification

Probability intervals credal set, facilitating estimating different types of uncertainties associated with predictions. Experiments on
Uncertainty estimation standard multiclass and binary classification tasks demonstrate that the proposed CreINNs can achieve superior
Interval neural networks or comparable quality of uncertainty estimation compared to variational Bayesian Neural Networks (BNNs) and

Deep Ensembles. Furthermore, CreINNs significantly reduce the computational complexity of variational BNNs
during inference. Moreover, the effective uncertainty quantification of CreINNs is also verified when the input
data are intervals.

1. Introduction a collection of plausible network models (Hiillermeier & Waegeman,
2021). These models have the potential to encompass the fundamental
Uncertainty-aware neural networks have recently attracted growing network model. As a result, viable second-order uncertainty frame-
interest, as effectively representing and estimating the uncertainties can ~ Works can be applied to model the AU and EU in the process and
significantly enhance the reliability and robustness of machine learning express uncertainty about a prediction’s uncertainty (Hiillermeier &
systems (Sale, Caprio, & Hiillermeier, 2023), particularly for high-risk Waegeman, 2021; Sale et al., 2023).
and safety-critical applications such as autonomous driving (Fort & In general, uncertainty representation and quantification can be
Jastrzebski, 2019) and medical sciences (Lambrou, Papadopoulos, & achieved using probabilistic models such as distributions or determin-

istic methods such as intervals. Compared to probabilistic approaches,
intervals usually require fewer assumptions on probability theories
and allow for theoretical guarantees on the reliability and robust-
ness of the results (Oala et al., 2021; Sadeghi, De Angelis, & Patelli,
2019). Another significant benefit is that interval models enable han-
dling the interval data (Kowalski & Kulczycki, 2017; Sadeghi et al.,
2019; Tretiak, Schollmeyer, & Ferson, 2023). Consequently, applying
intervals for uncertainty estimation in neural networks has stimulated
considerable research interest and effort. Garczarczyk has introduced
Interval Neural Networks (INNs) to approximate continuous interval-
valued functions, in which their weights and predictions are in the

Gammerman, 2010).

Two distinct types of uncertainties, namely aleatoric uncertainty
(AU) and epistemic uncertainty (EU) are widely discussed (Abdar et al.,
2021; Hiillermeier & Waegeman, 2021). The former mainly arises from
the inherent randomness present in the data generation process and is
irreducible, the latter is reducible and caused by the lack of knowledge
about the ground-truth network models. Studies (Abdar et al., 2021;
Hiillermeier & Waegeman, 2021) indicate that modeling the parameter
(weight and bias) uncertainty can contribute to a better estimate of
the uncertainty and facilitate reliable inference. The primary justifi-
cation is that effectively representing parameter uncertainty can yield
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form of deterministic intervals (Garczarczyk, 2000). The method was
validated by numerical simulation in regression tasks. A subsequent
study (Kowalski & Kulczycki, 2017) has extended probabilistic neural
networks by incorporating intervals for robust classification. Neverthe-
less, this approach is specifically designed for inputs represented as
interval data and is validated through numerical testing only. Further-
more, the method does not incorporate uncertainty regarding network
parameters, thereby excluding the EU entirely. In addition, Sadeghi
et al. (2019) have explored efficient training of INNs for imprecise
training data in the context of regression tasks. More recently, an INN-
based framework has been proposed to produce uncertainty scores
and detect failure modes in image reconstruction (Oala et al., 2021).
During the training process, an empirical regression-based loss function
is deployed to ensure that the resulting real-number prediction intervals
contain labels with some probabilities while limiting the ranges of
intervals. Tretiak et al. (2023) have investigated the application of orig-
inal deterministic INNs for imprecise regression (Cattaneo & Wiencierz,
2012) with interval-dependent variables.

Although there has been considerable advancement of INNs in the
field of regression tasks, there are notable gaps in the current research
on INNs for classification.

(i) Existing INNs typically yield deterministic interval predictions,
while traditional neural networks are expected to provide a probability
vector over classes in classification tasks. Thus, a research question
emerges regarding the reasonable design for assigning probabilities to
individual classes based on the interval-formed outputs of INNs.

(ii) In standard settings of classification problems, the labels are
one-hot encoded, i.e., the probability value is 1 for the true class
and O else. This prevents INNs from being reasonably and effectively
trained using existing strategies. For example, applying existing regres-
sion approaches, such as requiring prediction intervals to include the
corresponding labels (Oala et al., 2021), can result in that parameter
and prediction intervals collapsing to singular pointwise values.

(iii) There is a lack of empirical studies showcasing the application
of existing INNs to more extensive and deep network architectures. For
instance, more recent work on INNs (Betancourt & Muhanna, 2022; Lai
et al.,, 2022; Tretiak et al.,, 2023) has been validated on Multi-layer
perceptrons (MLPs) with limited layers.

Given the challenges identified in current studies on INNs, intrigu-
ing research questions arise: Can the existing INN framework be effectively
extended to facilitate uncertainty quantification in classification tasks and
adapted to modern deep neural network architectures? Furthermore, how
well does the proposed neural network estimate uncertainty when provided
with standard and interval input data?

In response, we introduce a novel Credal-Set Interval Neural Net-
work (CreINN) for the estimation of uncertainty in classification tasks.
CreINNs maintain the fundamental structure of conventional INNs, ex-
pressing parameter uncertainty through deterministic intervals. In con-
trast to the generation of deterministic intervals by conventional INNs
or a single probability vector by standard neural networks, CreINNs
predict a set of probability intervals (De Campos, Huete, & Moral, 1994)
over classes, representing the lower and upper probability bounds
across the set of classes. These probability intervals encode a credal set,
a convex set of probability distributions (Levi, 1980), for uncertainty
quantification. The main novelty and contributions are summarized as
follows:

(i) We design an innovative activation function, Interval SoftMax,
to transform the interval-formed outputs of classical INNs to convex
probability intervals that formulate credal set predictions for estimating
the aleatoric and epistemic uncertainty.

(ii) We present the strategy of making a unique class index from
the outputted probability intervals of CreINNs, based on the so-called
intersection probability transform (Cuzzolin, 2009, 2022). A new training
procedure to enable CreINNs to be trained effectively is also presented.

(iii) We propose Interval Batch Normalization based on traditional
batch normalization (Ioffe & Szegedy, 2015) to facilitate the adapt-
ability of CreINNs to large and deep network architectures, such as
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ResNet50 (He, Zhang, Ren, & Sun, 2016).

(vi) We examine the ensemble strategy for CreINNs, inspired by the
ensemble of classical INNs for regression tasks (Lai et al., 2022; Pearce,
Brintrup, Zaki, & Neely, 2018), aiming to mitigate the effect of network
parameter initialization during training and enhance the uncertainty
estimation quality.

Experimental validations are conducted in two aspects. (i) The stan-
dard multiclass classification task involves an out-of-distribution (OOD)
detection benchmark (CIFAR10 vs. SVHN dataset) and the binary clas-
sification task uses the Chest X-ray dataset. The results demonstrate
that CreINN and the ensemble of CreINNs achieve superior or compa-
rable uncertainty quantification compared to probabilistic approaches,
such as variational Bayesian Neural Networks (BNNs) (Molchanov,
Ashukha, & Vetrov, 2017; Wen, Vicol, Ba, Tran, & Grosse, 2018),
Deep Ensembles (Lakshminarayanan, Pritzel, & Blundell, 2017), and
the ensemble of BNNs. In addition, the CreINN significantly reduces the
computational burden for inference compared to BNNs. (ii) Multiclass
and binary classification tasks utilizing interval-formed CIFAR10 and
X-ray datasets: The effectiveness of uncertainty estimation of CreINNs
in interval input cases is verified quantitatively and qualitatively.

The remainder of this paper is organized as follows. Section 2
introduces the background and related work. Section 3 presents our
CreINN methodology in full detail. Section 4 describes the experimen-
tal validations. Section 5 outlines the conclusions and future work.
Appendix A provides the relevant mathematical discussions.

2. Background and related work

This section introduces the concepts of aleatoric and epistemic
uncertainty in Section 2.1, as well as probabilistic approaches and
interval methods for uncertainty estimation in Sections 2.2 and 2.3,
respectively.

2.1. Aleatoric vs. epistemic uncertainty

In supervised learning, a neural network is trained by using a set
of independent and identically distributed training data points D =
{x,,,y,,},’:’= | € XxY, where X and Y represent the instance and the
target space, respectively. In classification tasks involving C elements,
the target space Y consists of a finite collection of class labels, denoted
Y = {class,....,class,, ..., class. }. Here, y denotes the associated single
probability vector. For example, y, represents the probability value
assigned to the kth element class,.

As the dependence between the input space X and the target space
Y is not deterministic, neural networks are generally designed to map
x to probability distributions on outcomes (Hiillermeier & Waegeman,
2021) to represent the uncertainty of prediction. Standard neural net-
works (SNNs) typically predict a single probability distribution as the
outcome:

-4c) €P(Y), €3]

where ¢, is the predicted probability of kth class instance and P(Y)
denotes the set of all probability measures on the target space Y. SNNs
cannot account for EU, as the outputted single probability distribution
models the inherent unpredictability between predictions and inputs
without considering the uncertainty of how well the predicted distri-
bution approximates the exact dependency (Hiillermeier, Destercke, &
Shaker, 2022; Sale et al., 2023). In other words, the pointwise estimates
of SNN weights and biases imply full certainty about the ground-truth
model.

To fully capture AU and EU, a neural network is desired to im-
plement a mapping of the form X — [P(Y)], where [P(Y)] repre-
sents a second-order framework to express uncertainty about uncer-
tainty (Hiillermeier & Waegeman, 2021; Sale et al., 2023). Among
the applicable representation frameworks, Bayesian Neural Networks
(BNNs), Deep Ensembles (DEs), and credal-set-based methods incorpo-
rate well-established approaches to estimate and differentiate uncer-
tainties associated with predictions.

q=(q1> - s Gg> - -+
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2.2. Probabilistic uncertainty estimation methods

A dominant probabilistic methodology to estimate and distinguish
prediction uncertainty uses BNNs. In BNNs, network weights and biases
are modeled as probability distributions. Consequently, the predic-
tion is represented as a second-order distribution, i.e., the probability
distribution of distributions (Hiillermeier & Waegeman, 2021). Al-
though suitable approximation techniques, including sampling meth-
ods (Hoffman, Gelman, et al., 2014; Neal et al., 2011) and variational
inference approaches (Blundell, Cornebise, Kavukcuoglu, & Wierstra,
2015; Gal & Ghahramani, 2016), have been developed for training,
and applying Bayesian model averaging (BMA) for inference (Gal &
Ghahramani, 2016), the high computational demands of BNNs for
training and inference continue to hinder their widespread adoption
in practice, particularly in real-time applications (Abdar et al., 2021).

Another important class of methods to effectively quantify predic-
tion uncertainty in a straightforward and scalable manner is Deep
Ensembles (Lakshminarayanan et al., 2017). The common way to con-
struct DEs is to aggregate multiple independently trained deterministic
neural networks (DNNs), which feature pointwise estimates of network
parameters (weights and biases). Recently, DEs have been serving
as an established standard to estimate prediction uncertainty (Abe,
Buchanan, Pleiss, Zemel, & Cunningham, 2022; Gustafsson, Danelljan,
& Schon, 2020; Ovadia et al., 2019). However, DEs are not immune
to criticisms, including the lack of robust theoretical foundations and
the significant demand for substantial memory complexity, among
others (He, Lakshminarayanan, & Teh, 2020; Liu et al., 2020).

An alternative promising representation framework is based on
credal sets, a convex set of probability distributions (Corani, Antonucci,
& Zaffalon, 2012; Hiillermeier & Waegeman, 2021; Levi, 1980; Sale
et al.,, 2023). Scholars have conducted extensive research to eluci-
date the utility of credal sets for uncertainty quantification within the
broader domain of machine learning, such as Corani et al. (2012),
Corani and Zaffalon (2008), Hiillermeier et al. (2022) and Zaffalon
(2002). Recently, Caprio et al. (2024) have introduced imprecise BNNs,
which model network weights and predictions as credal sets. Although
imprecise BNNs exhibit robustness in Bayesian sensitivity analysis, their
computational complexity is comparable to that of an ensemble of
BNNs, which poses huge challenges for their widespread application.

2.3. Interval uncertainty estimation methods

Research on the use of deterministic intervals in neural networks
to represent and quantify uncertainty, known as interval neural net-
works (INNs), focuses primarily on regression tasks. One line of INN
research (Khosravi, Nahavandi, Creighton, & Atiya, 2011; Lai et al.,
2022; Pearce et al., 2018; S. Salem, Langseth, & Ramampiaro, 2020)
emphasizes generating deterministic interval predictions while keeping
the network weights and biases fixed at point estimates. To account for
epistemic uncertainty, some researchers, e.g., (Lai et al., 2022; Pearce
et al., 2018; S. Salem et al., 2020) have proposed using ensembles of
INNs. For example, the variances of the upper and lower prediction
bounds across ensemble INN members can be calculated to quantify
the EU associated with each prediction bound (Pearce et al., 2018).
Unlike traditional INNs that only represent predictions as intervals,
an alternative approach models both network weights and biases as
intervals (Betancourt & Muhanna, 2022; Cao, Wang, Wang, Xu, &
Wang, 2024; Garczarczyk, 2000; Ishibuchi, Tanaka, & Okada, 1993;
Oala et al., 2021; Tretiak et al., 2023). This design allows the INN
to capture both aleatoric and epistemic uncertainty within an interval
framework. A further advantage of these models is their capacity to
handle interval-valued input data.

A limited number of studies have explored the use of INNs for
classification tasks, primarily due to the practical challenges discussed
earlier in the introduction. For example, Kowalski and Kulczycki (2017)
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extended the probabilistic neural network framework by incorporat-
ing interval representations to enhance robustness. This approach is
specifically designed to handle interval-valued input data and does
not apply to standard machine learning settings using point-valued
input data. In addition, the INN is validated only through numerical
experiments in a basic network configuration and does not address
epistemic uncertainty.

3. Methodology

This section presents our CreINN approach in full detail. As shown
in Fig. 1, CreINN retains the traditional INN framework that represents
inputs, node outputs, weights, and biases as deterministic intervals, as
discussed in Section 3.1. Using the proposed Interval Softmax activa-
tion and redundancy reduction, CreINN generates a set of reachable
probability intervals (De Campos et al., 1994) over classes from the
deterministic interval vector, as detailed in Section 3.2. These reachable
probability intervals represent the lower and upper bounds of the
probabilities associated with each class, thereby defining a credal set,
i.e., a convex set of probability distributions (Levi, 1980). This credal
set prediction forms the basis for uncertainty estimation, as explained
in Section 3.3. In addition, an intersection probability (Cuzzolin, 2009)
can be derived from the probability interval system to make the class
prediction, as outlined in Section 3.4. The CreINN training procedure
minimizes cross-entropy loss between the label and the intersection
probability prediction while ensuring valid weight and bias intervals,
as described in Section 3.5. Finally, the proposed Interval Batch Nor-
malization, which supports adaptability to deep network architectures,
along with the ensemble strategy for CreINN, are discussed in Sec-
tions 3.6 and 3.7, respectively. To enhance clarity, Table 1 provides
a list of abbreviations frequently used throughout this work.

3.1. Existing INN structure and CreINN implementation

This section begins with an overview of the existing INN structure
in Section 3.1.1, followed by an introduction to the CreINN implemen-
tation in Section 3.1.2.

3.1.1. Existing INN structure

Conventional INN employs deterministic interval-formed inputs,
outputs, weights, and biases for each node. Forward propagation in its
Ith layer can be expressed as follows:

(a.al'=¢' ([m wloleal'® [9,31’>, ()

where @, ©, and © represent interval addition, subtraction, and multi-
plication, respectively (Hickey, Ju, & Van Emden, 2001). The quantities
la,al, [a,al™!, (W, W] and [b,b]' are the interval-formed outputs
of the /th and the previous (/ — 1)th layer, the weight intervals and
bias intervals of the Ith layer, respectively. g(-) denotes the activation
function of the /th layer that is required to be monotonically increasing.
Given the standard training set D={x,,y,} f:’: | in machine learning, the
model input [a,a]” can be set as a’=a" =x.

The interval arithmetic (Hickey et al., 2001) applied in Eq. (2)
endows INNs with the property of “set constraint”. Specifically, for any
point value a'~! €[a,al'~!, W'e[W, W1, and b’ €lb, b), the following
constraint consistently holds, as follows:

a’=g’<W'a”1+b1> €la,al'. (3)

In the case of non-negative [a, a]'~!, for instance, the output of RELU
activation, the forward propagation in Eq. (2) can be simplified as
follows:

a'=g¢ <min{11,0}a“ +max{W',0}a'"! +g’>

. @
=l _ 1 w1 T [
a =g (max{W ,0}a " +min{W ,0}a" +b
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(W] = (We =W, W + W] CrelNN Operation
[b,B] = [be — by, b + by
Construct Weight & Bias Interval
by Interval Center & Radius FEREESE e =
~ a1, 9,1} g alig
[b,b] s e b= = = 13 Class 1
g 2 S o= 1>
[b,B]* 5| IS ! = g I g credal set Q
- o 1c 2 H
g B ! 2 s g .- for uncertainty
AV ) [at,a;] > = i = I 1= estimation
o B IR 5 = . EYm
—_ 1 1 -k =
[ _]\ i-'?: 92 Gl Gor @ a2 TliE - intersection
x,x = i g i 8= u
e o B | e § ! 12 probability
)\ 2 s 15 3 o iy for class
S\ PP E| 2 i g ¥ i 8 prediction
*'[az, az] | B ! s H i5
| = Lo ! el @
o 1[43,q5] | 1[q3,q;])@ Class2 Class 3

Existing INN Structure

Dataset
interval format: ([x,x], »)
standard format: (x,y) - ([x,x],¥)

—

Inference
Training Procedure

2D probability simplex
1

minimize CE(qjp, ¥) '
stW,,b. >0

Fig. 1. Illustration of the proposed CreINN model for a three-class classification task. CreINN follows the conventional INN architecture, representing inputs [x, X], node outputs,

weights, and biases (i.e., [, @] and [&’v.,w’. ] for the ith node of /th layer and [Q,E]’ for the /th layer, respectively) as deterministic intervals. Using the proposed Interval SoftMax
g, 4; ji> Wii

activation, a set of probability intervals [q,q] :={[q ,q, 1}¥= can derived from the outputted deterministic output interval vector. Through redundancy reduction, the resulting
S LA

reachable probability interval [¢*,q"] (shown as parallel dashed lines) can define a credal set Q for uncertainty estimation, depicted as the light orange convex hull within the
probability simplex (a triangle representing all probability distributions over the target space). In addition, an intersection probability g;,, can be computed from these probability
intervals for class classification purposes. Model training involves minimizing the cross-entropy (CE) loss with constraints that guarantee valid weight and bias intervals. Moreover,

the proposed CreINN can handle both interval and standard format data.

Table 1
List of abbreviations.
Abbreviations Definitions
AU Aleatoric Uncertainty
AUPRC Area Under the Precision-Recall Curve
AUROC Area Under the Receiver Operating Characteristic Curve
BMA Bayesian Model Averaging
BNNs Bayesian Neural Networks
BNN-L Laplace Bridge BNN model
BNN-R Variational BNN model: Auto-Encoding variational Bayes with the local reparameterization trick
BNN-F Variational BNN model: Flipout gradient estimator with negative evidence lower bound loss
CE Cross-entropy Loss
CreINNs The proposed Credal-Set Interval Neural Networks
DEs Deep Ensembles
EU Epistemic Uncertainty
FSVI Function-space variational inference approach in BNNs
IBN The proposed Interval Batch Normalization method
ID In-distribution
INN Interval Neural Networks
00D Out-of-distribution
SNNs Standard Neural Networks
TU Total Uncertainty

As the smoothness of Eq. (2) can be guaranteed by some reformulation
tricks, as detailed in Appendix A.1, INNs can be trained using standard
backward propagation (automatic differentiation) (Oala et al., 2021).

3.1.2. CreINN implementation
In our CreINN, to readily ensure the validity of parameter intervals

during propagation, namely W < W and b < b, we implement the

[W,W] and [b, b] in practice by

W WI=[W W, W +W,]

(b, bl=[b.~b,, b, +b,]

where W, b, and W, > 0, b, > 0 are the centers (midpoints) and
radii (half of ranges) of the weight and bias intervals, respectively.
Therefore, the forward propagation in its /th layer of our CreINN is
given by Egs. (2) and (4) with the weight and bias interval as given in
Eq. (5).

The CreINN parameter intervals can be efficiently initialized us-
ing standard techniques. For example, the centers and radii can be
initialized with the default Glorot Uniform initializer (Glorot & Ben-
gio, 2010), applying an additional constraint to ensure non-negative

) )

values for the radii. This random initialization, combined with the
non-negative constraints on the radii, ensures that most constructed
intervals are nonzero when subtracting the center or radius. The em-
pirical results in Fig. 5 further demonstrate the validity of the weight
intervals learned after training. To prevent interval explosion during
CreINN propagation in deeper neural network architectures, where
the upper and lower bounds of node outputs can grow excessively
toward infinity, we propose an Interval Batch Normalization (IBN)
method, inspired by classical batch normalization. This approach will
be discussed in more detail in Section 3.6.

3.2. Credal set prediction generation

For a classification task involving C elements, our CreINNs are
designed to transform the outputted interval scores of the final L
layer [a,a]’ := {[gf,E,f]}kC into a set of probability intervals over C
classes, denoted as [g, ql ::{[gk,ﬁk]}kc. The resulting [g, q] is desired to
determine a nonempty credal set, denoted as Q, as follows (De Campos
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Class A

Redundancy

Class B Class D

Fig. 2. Redundant probability intervals define a credal set Q (the convex hull in light
orange) in a 2D probability simplex by incorporating interval constraints while some
probability bounds (e.g., the upper probability g,) may not be reachable.

et al., 1994):
C
={q|qk€[gk,5kl, Vk=1,2,...,C,qu=1}. 6)
k

The condition guarantees a set of single probability vectors g in Q,
whose probability value of each class falls in the corresponding proba-
bility interval.

Applying the traditional SoftMax activation function for CreINNs
cannot generate valid probability intervals That is, when computing
lg. ql as q= SoftMax(at) and g= SoftMax(a ), respectively, the resulting
probability interval over each class cannot strictly adhere to q, < q.- A
numerical example is provided in Appendix A.2.

Inspired by the classical SoftMax, we propose a novel activation,
called Interval SoftMax, defined as follows:

exp(ay)
q =
=k alal
exp(g,f)+zjc#k exp(=5%)
I . ()
_ exp(a,’)
9= e L

exp(ak)+zj#k exp( ’ )

The original Interval SoftMax holds four useful properties: (i) reducing
to classical Sigmoid activation function in binary classification; (ii)
resulting in valid probability intervals and satisfying the constraint in
Eq. (6) for defining a nonempty credal set; (iii) exhibiting the smooth-
ness for backward propagation; (iV) retaining the ‘“set constraint”
property described in Eq. (3). Mathematical proofs for four properties
of CreINNs are provided in Appendix A.3. The “set constraint” property
ensures that the CreINN implicitly and effectively produces a set of
standard neural network models which are characterized by weights
wW* e [Z,W] and biases b* € [Q,Z]. The model predicts a single
probability, represented as g*, of which each predicted value g; for the
kth class falls within the range [c_]k,c_Ik].

It should be noted that the probability intervals calculated from
the Interval SoftMax may be redundant to determine the credal set
resulting from the intersection of all interval constraints, as shown
in Fig. 2. Namely, not all upper and lower probability bounds (g,
and 4, Vk) are guaranteed to be reachable by some probabilities in
Q (De Campos et al., 1994). Here, reachable refers to the condition that,
for any kth class index of the upper or lower probabilities (g, and ¢ ),
there at least exists a probability vector g € Q such that the kth element
of the vector satisfies g, = g, or ¢, = q . Nevertheless, the reachable
upper and lower probability bounds of the kth element, represented by
g, and gz, respectively, can be readily computed as follows (De Campos

et al., 1994):
d,=min(@,. 1= g ).4; =max(g,. 1-,7)). (®)
J#k J#k
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Fig. 3. Determining an intersection probability from the probability interval systems
on target space of Y= {A, B, D}.

3.3. Uncertainty estimation

The uncertainty quantification for credal sets represents a vibrant
area of research (Abellan, Klir, & Moral, 2006; Hiillermeier et al.,
2022). Given a credal set Q, a generalization of the Shannon entropy
(denoted as H) has been proposed to measure total uncertainty (TU)
and aleatoric uncertainty (AU) by calculating the upper and lower
Shannon entropy, respectively, as follows (Abellan et al., 2006):

‘H(Q)=maximize H (@), H(Q)=minimize H(q). 9
q€Q - q€Q

The epistemic uncertainty (EU) can be estimated by E(Q)— H(Q). The
calculation of H(Q) in CreINNs is by solving the following constrained
optimization problem:

c
E(Q):maximizez —qilog,qy

k
c , 10)
s.t. g, € [¢.7;1Vk and ;qkzl

which seeks the highest entropy value of the probability distribution
within the credal set. H(Q), for which maximize is replaced by minimize,
searches for the minimal entropy.

In a special context of binary classification, a single probability
interval [q,q] represents the credal set. Recently, more rational and
alternative measures have been proposed (Hiillermeier et al., 2022) and
applied in our work, as follows:

AU :=min(q,1 — q); EU:=¢g—¢; TU :=min(1 — g, ). an

For further discussions on the uncertainty measures and their cor-
responding strengths and weaknesses, we refer to Hiillermeier et al.
(2022).

3.4. Class prediction

Predicting classes in the form of probability interval systems (credal
sets) is a decision-making problem under uncertainty. To make a unique
class prediction, we adopt the intersection probability transform strat-
egy (Cuzzolin, 2009, 2022) to derive a single probability distribution
vector g;,, from the generated probability intervals. Any kth element
of the intersection probability g;,, is computed as

G =q, +a(@,—q). 12)

where the unique constant « €[0, 1] can be computed from
c c
a=<1—;gz>/<;@i—§)>. a3

Mathematically, the intersection probability formulates a representa-
tive of probability interval systems that equally weights the proba-
bility interval for each class and satisfies the normalization condi-
tion (Cuzzolin, 2009, 2022). An illustration of intersection probability
transform in three-component classification is provided in Fig. 3.

As a result, a unique predicted class index can be derived from the
intersection probability g;,; as argmax(gj,y)-
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3.5. Training procedure

Generally, the cross-entropy (CE) loss is widely utilized for clas-
sification. Given a single predicted probability vector g and the cor-
responding ground truth y, the CE measures the Kullback-Leibler di-
vergence between q and y as CE( q,y) := —Zf ¥, log, g, However,
generalizing the CE to probability interval systems (lower/upper proba-
bilities) is still an open research subject (Lienen, Demir, & Hullermeier,
2023; Song & Deng, 2019; Soubaras, 2011). Considering that the inter-
section probability represents the most representative single probability
for approximating probability interval systems, we employ the intersec-
tion probability g;,, in CE for CreINN training. Specifically, the training
objective is

N
T |
minimize — ; CE(Gint,» ¥n) st. W, b. >0, 14)

where N is the number of training samples and the constraint is to
ensure the validity of the learned weight and bias intervals during
training.

3.6. Interval batch normalization

In modern and deep neural network architectures such as ResNet,
batch normalization (Ioffe & Szegedy, 2015) has emerged as an indis-
pensable element. In addition, our tests have also revealed that Interval
SoftMax may result in a numerical overflow when the input [a, a]* has
a wide range.

To enhance the scalability of CreINNs for large and deep architec-
tures, and to mitigate the challenge of numerical overflow, we intro-
duce a novel heuristic approach called Interval Batch Normalization
(IBN), derived from the conventional batch normalization methodol-
ogy. The IBN transform is illustrated in Algorithm 1. Specifically, for
mini-batch interval-formed node activations, for instance the outputs of
Ith layer [g,a’ , the center and radius (half of ranges) of each interval
are computed. The mini-batch centers and radii are then normalized,
respectively. Finally, the batch-normalized centers and radii synthesize
the normalized deterministic intervals. In addition, the training and
inference in batch-normalized CreINNs follow the same procedure as
the traditional batch normalization.

Algorithm 1 Interval Batch Normalization Transform

Input: Mini-batch inputs: {[a,,3,]}"_,; Hyperparameter ¢; Trainable

=1’
parameters y,, f., 7., B,
Output: {[EIBN,»’EIBN,-] =IBN, ;.5 ([a,a]) }
1. Compute the center and radius of intervals
a.+a; aj—a;

fe) = (52, ()= (5%)

2. Compute the mini-batch mean and variance
P 37 e P S 1 r
KB n ~i=1 i HB.r n ~i=t'i
2 1 2 2 1

%Be Ty ZL(ci—Hpe)s of, < 7 L i(ri=ms,)

3. Normalize, scale, and shift

s GiTH s liTH
é e B.c i—HBr

! ,/o'2 +e’ ri<_ o2 +e
B.c B.r
Cout,i « ycé[ + ﬂc’ rouu’ « yr’ci + ﬂr
4. Generate output

[QIBN,.’EIBN,] « [Cout,i - |rour,i| > Cour,i T |rout,i ”

n

i=1

2

3.7. Ensemble strategy

To mitigate the influence of different parameter initialization for
training and enhance uncertainty estimation performance, we apply
a similar ensemble strategy as conventional INNs (Khosravi et al.,
2011; Lai et al., 2022; Pearce et al., 2018) for regression to build an
ensemble of CreINNs. Specifically, given multiple sets of probability
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intervals from M distinct CreINNs trained under various parameter ini-
tialization settings, we can compute the averaged probability intervals

— . i pt .
[gavg’ qavg] T {[gavgk’ angk]}k , as follows:
M M

5

— (15)

S W M L
avg, ’
KM e

Goug, =37 2,
where [2:1 ,E;k] represents the reachable probability interval for kth
class of the mth ensemble member. It can be proved that the aver-
aged probability intervals can define the nonempty credal set (See
Appendix A.4). As a result, the class prediction and uncertainty esti-
mation methods discussed in Section 3.3 are also applicable.

4. Experimental validations

This section describes the experimental validation of CreINNs us-
ing the standard datasets in Section 4.1 and interval input data in
Section 4.2.

4.1. Classification using standard datasets

In this validation process, we consider multiclass and binary clas-
sification problems. The former involves a standard out-of-distribution
(OOD) detection benchmark, utilizing CIFAR10 (Krizhevsky, Nair, &
Hinton, 2009) as an in-domain and SVHN (Netzer et al., 2011) as an
OOD dataset. The latter uses the real-world Chest X-ray dataset (Kermany
et al., 2018) in the medical context of pneumonia detection.

4.1.1. Experiment setup

In terms of baselines, we opt for two standardized variational BNNs:
(i) BNN-R (Auto-Encoding variational Bayes Kingma & Welling, 2013
with the local reparameterization trick Molchanov et al., 2017) and
(ii) BNN-F (Flipout gradient estimator with negative evidence lower
bound loss Wen et al., 2018). BNNs using full sampling approaches
are excluded from the comparison due to their extensively higher com-
putational resource requirements (Gawlikowski et al., 2023; Jospin,
Laga, Boussaid, Buntine, & Bennamoun, 2022). Moreover, we include
the recently proposed tractable functional space variational inference
Bayesian model (FSVI) (Rudner, Chen, Teh, & Gal, 2022) and Laplace
Bridge BNN (BNN-L) (Hobbhahn, Kristiadi, & Hennig, 2022) as the
baselines for comparison. The key distinction between BNN-L and
other BNNs lies in: Instead of modeling distributions over the network
weights, the BNN-L approximates the full distribution over the softmax
outputs of a standard deep network using the Laplace bridge ap-
proach, enabling rapid uncertainty estimation (Hobbhahn et al., 2022).
Standard neural networks (SNNs) are also considered. All models are
implemented on the ResNet50 architecture for the CIFAR10 dataset and
the ResNet18 architecture for the X-ray dataset. Furthermore, BNN-R
Ensemble, BNN-F Ensemble, FSVI Ensemble, BNN-L Ensemble, CreINN
Ensemble, and Deep Ensembles (DEs) are constructed for performance
comparison by combining five single models trained with distinct ran-
dom seeds. Deep Ensembles consist of ten SNNs to retain a nearly
equivalent parameter count. Deep Ensembles normally serve as the
strong uncertainty baseline (Abe et al., 2022; Gustafsson et al., 2020;
Mucsényi, Kirchhof, & Oh, 2024).

Regarding training details, we utilize a single Tesla P100-SXM2-
16 GB GPU as the training device. The training and validation data
split for the CIFAR10 and the X-ray dataset is the classic 5:1. The
Adam optimizer is applied with a learning rate scheduler, initialized
at 0.001. The learning rate is subject to a reduction of 0.1 at epochs
80 and 120 for the CIFAR10 dataset and 25 epochs for the X-ray
dataset, respectively. Following the recommendations of the original
study (Hobbhahn et al., 2022), we train BNN-L using our pre-trained
SNN models under the default experimental settings of the BNN-L
approach. Standard data augmentation is also uniformly implemented
across all models. As the FSVI approach requires highly customized
code implementation, we used the official FSVI repository (Rudner
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et al., 2022) in our experiments, along with all its training configura-
tions (e.g., a different learning rate scheduler, selecting and saving the
best model during training, etc.). Each model is trained over 15 runs
for statistical significance.

4.1.2. Uncertainty evaluation metrics

As there is no ground truth for prediction uncertainty and it is
infeasible to directly compare the uncertainty values in different rep-
resentation formats (namely the set of distributions for DEs and BNNs
applying BMA, and probability-interval-based credal sets of CreINNs),
we employ two indirect methodologies (downstream tasks) to evaluate
the uncertainty evaluation of CreINNs.

(i) Accuracy-rejection (AR) curves for in-distribution (ID) samples.
AR curves illustrate the accuracy of a model’s prediction as a function of
the rejection rate in selective classification (Hiihn & Hiillermeier, 2008;
Hiillermeier et al., 2022). When processing a batch of instances, those
with higher uncertainty are rejected initially, and then the accuracy of
the remaining test samples is calculated.

In this work, we separately use the model’s aleatoric uncertainty
(AU), epistemic uncertainty (EU), and total uncertainty (TU) estimate
to reject ID samples. AR curve exhibits a monotonic increase when pre-
diction uncertainty estimation is valid. Conversely, the curve demon-
strates a flat profile when random abstention is employed (Hiillermeier
et al., 2022). In addition, the area under the AR curve (AUARC) is
also used as a measure for comparison (Jaeger, Liith, Klein, & Bungert,
2023). A higher AUARC score indicates superior performance.

(ii) OOD detection. As the uncertainty-aware models are expected
to exhibit greater EU on OOD samples than ID data, a better OOD de-
tection could indicate a higher quality of EU quantification (Hendrycks
& Gimpel, 2017; Mukhoti, Kirsch, van Amersfoort, Torr, & Gal, 2023).
In addition, we also evaluate the TU estimation in this setting, as TU is
a widely used uncertainty measure within BNNs and DEs.

We label ID and OOD samples as zeros and ones in the OOD de-
tection process, respectively. The OOD detection is treated as a binary
classification, the uncertainty estimation of the model for each sample
is the “prediction”. AUROC (Area Under the Receiver Operating Char-
acteristic curve) and AUPRC (Area Under the Precision-Recall curve)
scores are used as OOD detection metrics. AUROC quantifies the rates of
true and false positives, whereas AUPRC evaluates precision and recall
trade-offs, providing valuable insights into the model’s effectiveness
across different confidence levels. Greater scores indicate a higher OOD
detection performance. The OOD detection process is summarized in
Algorithm 2.

Algorithm 2 OOD Detection Process
Input: Uncertainty estimates for ID and OOD samples, namely uyp,

Uoop
Output: AUROC and AUPRC scores

1. Set labels (b;p) as O for ID samples
b;p « zeros(shape of up)

2. Set labels (bgop) as 1 for OOD samples
boop < ones(shape of uggp)

3. Concatenate labels for all samples
b « concatenate(byp, boop)

4. Concatenate uncertainty estimates as “predictions”
u « concatenate(uyp, Ugop)

5. Compute AUROC and AUPRC values
AUROC <« roc_auc_score(b, u)
AUPRC « average_precision_score(b, u)

4.1.3. Results and discussions in multiclass case

Fig. 4(a) shows the averaged training and validation accuracy
curves of various single models over 15 runs to monitor the training
process. In addition, CreINNs are desired to learn reasonable weight
intervals, i.e. the radius (half range of intervals) of the parameter
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Fig. 4. Monitoring the standard training processes of CreINN, SNN, BNN-F, and BNN-
R (a) and AR curves using AU (b), EU (c), and TU (d) estimates, averaged over 15

experimental runs.
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Fig. 5. Heat map of a slice of W, which has a shape of (7, 7, 3, 64) and is derived
from the first convolution layer of a trained CreINN.

intervals in Eq. (5) do not collapse into single values. To verify this,
we examine whether W, # 0 holds after CreINN training. As the
weight of the ResNet50 convolutional layers is with a shape of (height,
width, channels-in, channels-out) and high-dimensional, we merely
demonstrate a slice of W, in Fig. 5. The heat map verifies that W, #0,
suggesting that the learned weight intervals do not collapse into single
values.

In terms of uncertainty estimation on ID instances, the AR curves
in Fig. 4 validate that CreINNs and CreINN Ensemble can effectively
estimate the AU, EU, and TU, as evidenced by the positive correlation
between accuracy and rejection rate. In contrast, the results of BNNs
indicate a notable negative correlation when the rejection rate exceeds
approximately 0.85. This observation suggests that BNNs may express
higher uncertainty estimates for instances correctly classified within the
remaining samples. As illustrated in Table 2 (left), the CreINNs and
CreINN ensemble demonstrate the most favorable AUARC compared to
other models in an individual or ensemble configuration except BNN-
L models. The outperformance appears mainly due to post-training on
the well-trained SNN model, the basic test accuracy of BNN-L is largely
improved compared to SNNs.

Regarding uncertainty estimation for OOD detection, Table 2 (right)
demonstrates the outperformance of CreINNs, evidenced by either the
best or second-best AUROC and AUPRC values compared to alternative
methods. The enhanced quality of uncertainty estimates is probably
mainly beneficial from modeling EU using credal sets rather than distri-
butions. Credal sets integrate sets and distributions within a consistent
framework, EU is measured through the assessment of non-specificity
across distributions (Hiillermeier & Waegeman, 2021).

Furthermore, Fig. 4 and Table 2 also show that the ensemble
strategy can enhance the uncertainty estimation on ID samples and for
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Table 2
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Performance comparison across various models regarding uncertainty estimation on ID and OOD samples. Note that MBA with samples N,=10 is applied for inference
of single BNN-R, BNN-L, and BNN-L. The best and second-best performances are in black bold and gray bold, respectively.

ID Evaluation

00D Evaluation

AUARC AUROC AUPRC
Test AU EU TU EU TU EU TU
accuracy (%)
SNN 81.40 + 1.48 0.950 + 0.008 - - - - - -
CreINN 84.20 + 0.30 0.939 + 0.004 0.939 + 0.003 0.943 + 0.002 0.727 + 0.022 0.745 + 0.016 0.854 + 0.014 0.874 + 0.009
Single BNN-F 74.44 + 2.44 0.896 + 0.022 0.884 + 0.025 0.897 + 0.021 0.702 + 0.044 0.738 + 0.026 0.820 + 0.030 0.829 + 0.017
model BNN-R 73.13 + 3.59 0.886 + 0.029 0.872 + 0.033 0.887 + 0.029 0.703 + 0.036 0.734 + 0.020 0.824 + 0.025 0.827 + 0.016
FSVI 79.71 + 0.53 0.943 + 0.002 0.941 + 0.002 0.943 + 0.002 0.725 + 0.028 0.711 + 0.022 0.708 + 0.036 0.676 + 0.027
BNN-L 85.67 + 0.33 0.967 + 0.002 0.963 + 0.002 0.966 + 0.002 0.745 + 0.035 0.761 + 0.030 0.846 + 0.025 0.859 + 0.018
Deep Ensembles 85.16 + 0.27 0.966 + 0.001 0.962 + 0.001 0.966 + 0.001 0.783 + 0.006 0.796 + 0.005 0.873 + 0.006 0.865 + 0.004
CreINN Ensemble 87.32 + 0.22 0.969 + 0.001 0.957 + 0.001 0.970 + 0.001 0.791 + 0.010 0.895 + 0.003 0.877 + 0.008 0.948 + 0.002
Ensemble BNN-F Ensemble 78.75 = 0.90 0.932 + 0.004 0.911 + 0.006 0.932 + 0.004 0.680 + 0.029 0.758 + 0.007 0.791 + 0.026 0.836 + 0.005
model BNN-R Ensemble 77.58 + 1.14 0.923 + 0.008 0.893 + 0.012 0.922 + 0.008 0.678 + 0.018 0.764 + 0.010 0.802 + 0.014 0.839 + 0.004
FSVI Ensemble 81.11 + 0.98 0.950 + 0.004 0.947 + 0.011 0.953 + 0.004 0.845 + 0.051 0.821 + 0.042 0.834 + 0.051 0.762 + 0.043
BNN-L Ensemble 89.12 + 0.16 0.978 + 0.000 0.978 + 0.000 0.980 + 0.000 0.838 + 0.016 0.834 + 0.017 0.904 + 0.009 0.896 + 0.010
Table 3 $100 1004
Relative inference time (multiples) of different models compared to SNN baseline. The > o8
. 10 . e = 7
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OOD detection.

In addition to the uncertainty estimation comparison, we report the
inference complexity of different models in Table 3. The inference time
indicates the time cost of a single instance from the CIFAR10 dataset
and is measured by a single Tesla P100 GPU. CreINNs show significant
outperformance compared to variational BNNs in inference computa-
tional complexity as a single model that can handle EU estimation.
This is because CreINNs utilize conventional forward and backward
propagation methods and estimate uncertainty during inference with-
out sampling. In contrast, BNNs require costly BMA techniques to
capture uncertainties in predictions (10 samplings in Table 3). Although
the theoretical scaling of CreINNs is linear in the cost of evaluating
the underlying prediction SNNs with a constant factor of 2 (Oala
et al., 2021), our experimental results indicate that an inference time
overhead of CreINNs is more than four times higher than that of an
SNN. The reasons are in two folds. (i) The direct implementation
of interval arithmetic in Eq. (4) results in instructions four times.
(ii) The inference cost comparison is less equitable for CreINNs, as
they incorporate custom layers without optimization, unlike the other
standardized TensorFlow models. Therefore, further optimization at the
code implementation level is desired to improve the inference speed
and reduce memory consumption for future applications. It is also
observed that BNN-L results in a slight increase in inference complexity
in comparison to the SNN. This is because BNN-L only approximates
the full distribution over the softmax outputs, utilizing the Laplace
bridge, while maintaining the architectural structure of the SNN. In
addition, due to the highly customized code implementation of FSVI,
the comparison of inference complexity in Table 3 may be biased.

As previously stated in Section 3, the distinctive capability of
CreINNs compared to alternative probabilistic methodologies is their
capacity to process interval input data. We further show that the
CreINN model, which is trained on standard input data, is also capable
of providing valid uncertainty estimates when presented with internal
data, as illustrated in Fig. B.1 in Appendix B.

4.1.4. Results and discussions in binary case

Fig. 6(a) shows the averaged training and validation accuracy
curves of the CreINN and SNN over 15 runs to monitor the training
process. The results of the BNN-R, BNN-F, and FSVI are excluded,
as they are severely underfitting using the X-ray training data in the
same training settings. BNN-L is not implemented in this case, as the
Laplace bridge is specifically designed for softmax outputs in multiclass
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Fig. 6. Training process monitor using the X-ray dataset (a) and AR curves using AU
(b), EU (c), and TU (d) estimates, averaged over 15 experimental runs.

cases (Hobbhahn et al., 2022). As a result, the primary objective is to
compare the uncertainty estimation performance on ID samples of the
CreINN, SNN, CreINN Ensemble, and Deep Ensembles.

Fig. 6 and Table 4 illustrate AR curves and AUARC values on ID
samples of various models that employ AU, EU, and TU as rejection
metrics, respectively. The positive correlation between accuracy and
rejection rate verifies the effectiveness of the uncertainty estimation of
CreINNs. In comparison to SNNs and Deep Ensembles, CreINNs, and
CreINN Ensemble achieve enhanced or comparable AUARC values. It
is also observed that applying the ensemble strategy can enhance the
quantification of uncertainties.

Similarly, in binary cases, we also verified that the CreINN model,
which is trained on standard input data, can provide valid uncertainty
estimates when presented with internal data, as shown in Fig. B.2 in
Appendix B.

4.2. Classification using interval input datasets

In this validation process, we consider multiclass and binary classi-
fication problems with interval input data constructed from the CIFAR-
10 and X-ray datasets.

4.2.1. Data preparation
Despite numerous studies related to interval data, such as (Faza,
Shariatmadar, Hallez, & Moens, 2024; Jurio, Pagola, Mesiar, Beliakov,
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Table 4
Performance comparison regarding uncertainty estimation on X-ray ID samples.
Test accuracy (%) AUARC
AU EU TU
SNN 87.37 + 0.59 0.950 + 0.005 - -
CreINN 87.71 + 0.26 0.952 + 0.005 0.916 + 0.013 0.952 + 0.005
Deep Ensembles 87.87 + 0.15 0.955 + 0.001 0.948 + 0.001 0.954 + 0.001
CreINN Ensemble 88.18 + 0.24 0.960 + 0.002 0.938 + 0.007 0.960 + 0.002

0.16
Noise Level u

0.1 0.15
Brightness Level g

0.2

Fig. 7. A generated image sample from the original CIFAR10 dataset using different
noise and brightness levels.

& Bustince, 2011) and (Vovan, Phamtoan, Tuan, & Nguyentrang, 2021),
there appear to be no open-source interval image datasets in the re-
search community. To investigate the efficacy of CreINNs in addressing
challenging interval input data classification tasks, we construct a series
of interval image data from the existing standard dataset. The interval
image data are used to simulate two different real-world scenarios as
follows:

(i) The level of noise or disturbance u of input measurement falls
within a known range. Given an instance x from the original dataset,
the p-level disturbed sample, denoted as x,,, is generated as follows:

x, = Clip(x + 4,0, 1). (16)

u is selected from {0,0.08,0.12,0.16,0.18,0.2}. The function Clip guaran-
tees that x,, is a valid representation of an image. More specifically, the
input interval for CreINNs [x,x] := [ =0 X =008 implies that images is
taken with disturbance level x € [0,0.08].

(ii) The brightness condition of images f is maintained within a
known interval. An RGB image instance with added p-level brightness,
represented as x4, can be obtained as follows (Hendrycks & Dietterich,
2019):

Xpsy =Rgb2Hsv (x)
xpsyl o, 1, 21=Clip(xpey[:, 1,21 + .0, 1).
x5 = Clip(Hsv2Rgb(xpgy ), 0, 1)

a7

Here, functions Rgb2Hsv and Hsv2Rgb transform the input from the
RGB format to the HSV format and vice versa. § can be chosen
from {0,0.05,0.1,0.15,0.2,0.3}. To illustrate, the input interval [x,X] :=
[x -0, X5=0,05] assumes that the images can be captured with the bright-
ness level g € [0,0.05].

Fig. 7 illustrates a generated image sample from the original CI-
FAR10 dataset under different noise and brightness levels.

4.2.2. Experiment setup

Since the baseline models in Section 4.1 are not capable of handling
interval input data, we only evaluate CreINNs and CreINN ensemble
quantitatively and qualitatively for uncertainty estimation. Regard-
ing the training data, we constructed [x,),x,-00s3] (considering the
noise interval) and [x;_, X4_00s] (considering the brightness interval)
from the original training set of the CIFAR10 and X-ray datasets. The
CreINNs are trained using the same configurations (optimizer, training
epochs, etc.) as described in Section 4.1. In terms of test data, we

Noise-CIFAR10 Brightness-CIFAR(ifess)
100.0 > ] 100.0 y
97.5 1 ,-—s-*"""'”"m'w. 97.5 ..um»-'""""“"'“"'
> 95.07 S > 95.0 1
S 9251 g € 9251
g ¢ g
< 90.01 & e p=10,.08] |2 90.0+ wew B=[0, .05]
> 9. ’ =
7 ! e p=[.12,.16] |8 wee B=[.1,.15]
= 87.5 n = 87.54
. ¢ <o u=[.16, .18] e B=[.15, 2]
85.01 & u=[.18, 2] 85.01 B=l2,.3]
00 02 04 06 08 10 00 02 04 06 08 10
Rejection Rate (AU) Rejection Rate (AU)
Noise-CIFAR10 Brightness-CIFAR10
100.0 | 100.0 P
0" o0
97.5 1 o 97.5 o
> 95.01 P > 95.0 1
£ 925 rd £ 9251
3 J 3
< 9004 & en u=[0,.08] | -+ B=I0, .05]
> 9. =
g ﬁ.~“ e p=l12,.16] 1§ -e-r B=[.1, .15]
87.51 o e u=[.16, .18] e B=[.15, 2]
85.0 o u=[18, 2] B=12, 3
00 02 04 06 08 I 00 02 04 06 08 I
Rejection Rate (EU) Rejection Rate (EU)
Noise-CIFAR10 Brightness-CIFAR10
100.0 4 | 100.0 &
oy GRS
07.54 .“"""-,w'w‘ A 97.5 ] ':.,.A‘J’lﬂ-b L nd
g r € 950/ L
> 95.01 7 = 95 P
S 925 i £ 9254 &
g { g L)
o001 e p=10,.08] < 90,04 e B=[0, .05]
@ s e p=[.12,.16] |§ 5 e B=[.1,.15
Y i z—{ 16 181 875 £ ; ﬁ—% 15 2;
85.04 ¢ u=18, 2] 85.04 ¥ B=12, 3]
00 © 1.0 00 0 1.0

.2 0.4 0.6 0.8 .2 0.4 0.6 0.8
Rejection Rate (TU) Rejection Rate (TU)

Fig. 8. AR curves using AU, EU, and TU estimates in multiple cases where the input
intervals are constructed from CIFAR10 using different noise levels y and brightness
levels B. The results are averaged over 15 experimental runs.

construct different [x s xuz] and [xﬁl,xﬂzl from the original test set of
the CIFAR10 and X-ray datasets. The design intervals of x and g, [y, j;]
and [f,, p,], were selected as follows:

[u1, 1y1=10,.08],[.12,.16],[.16, .18],[.18, .2]

18
[p1,$,1=[0,.05],[.1,.15],[.15, .2],[.2,.3]

4.2.3. Uncertainty evaluation metrics

In addition to utilizing AR curves as a means of assessing uncer-
tainty on ID samples, as outlined in Section 4.1.2, we also examine the
AU, EU, and TU estimation of CreINNs in diverse test interval data,
constructed through the use of varying design intervals for noise and
brightness (shown in Eq. (18)). To facilitate the examination, we define
a measure, called Relative Increase r, as follows:

e 1 Yl
1 uipplny e
r[Ml.Mz] T EZN Z U[

e

tn, 0,.08],n,,e
’ (19)
E N ¢
FPRPRPEE | S e L
81,61 E - N, - U[0.405],n,,e

where N, denotes the number of test samples, E = 15 represents
the number of experimental runs. The notation Uy, .14, T€Presents
the AU, EU, or TU estimate of the eth model on the n, test sample,
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Fig. 9. AR curves using AU, EU, and TU estimates in multiple cases where the input
intervals are constructed from X-ray using different noise levels x4 and brightness levels
p. The results are averaged over 15 experimental runs.

constructed using the noise interval [y, u,] as defined in Eq. (18).
Similarly, the notion Uy, 4, . is used for the interval test instance
designed by the brightness interval [, f,].

4.2.4. Results and discussions

Figs. 8 and 9 demonstrate the AR curves of the CreINN Ensemble
in multiple cases where the interval instances are constructed from the
CIFAR10 and X-ray datasets using different noise levels x4 and bright-
ness levels f. The positive correlation between accuracy and rejection
rate in each case verifies the effectiveness of uncertainty quantification.
Fig. 10 further demonstrates the relative increase (defined in Eq. (19))
of AU, EU, and TU estimates in interval test instances at different levels
of noise y and brightness f. As the level increases, the uncertainty
estimates increase significantly. The evidence verifies CreINNs’ capacity
to estimate uncertainty in interval input data.

5. Conclusion and future work

In this paper, we introduced innovative CreINNs, which main-
tain the foundational structure of conventional INNs and can pro-
duce credal sets via probability intervals to estimate uncertainty in
classification tasks. In addition, the ensemble of CreINNs was also
investigated. Experiments using standard image and interval-formed
image datasets in multiclass and binary classification tasks verified the
proposed methods.

(i) Concerning standard datasets, the CreINN and the ensemble of
CreINNs have demonstrated superior or comparable quality of uncer-
tainty quantification compared to variational BNNs, Deep Ensembles,
and the ensemble of BNNs. Furthermore, the CreINN markedly reduces
the computational burden for inference compared to some variational
BNNS.
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Fig. 10. Relative increase of AU, EU, and TU estimates on interval test instances using
different noise levels y and brightness levels g.

(ii) In instances of interval input data, the proposed models have
exhibited the capacity for effective uncertainty quantification.

(iii) The successful integration of ResNet-based CreINNs has shown
the efficacy of the proposed Interval Batch Normalization (IBN). The
IBN could potentially contribute to realizing conventional INNs in
complex neural network architectures.

One of our future research endeavors is to enhance the computa-
tional efficiency of CreINNs, aiming to improve inference speed and re-
duce memory consumption for future practical applications. As CreINNs
have indicated a promising capacity for uncertainty quantification,
we are also engaged in ongoing efforts to investigate the potential
applications of CreINNs in industrial or medical image analysis contexts
involving standard and interval data.
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Appendix A. Mathematical discussions

A.1. Smoothness of forward propagation

By analyzing all potential re_sults of [W, W] O [a, a] under various
conditions of a, a, W, and W (negativity/positivity), the interval
multiplication in Eq. (2), denoted as [0,0] :=[W, W] © [a,a], can be
reformulated as follows:
o=min{W,0} min{a, 0} +max{W,0} max{a, 0}
+min{max{W, 0} min{a, 0} —min{ W, 0}
max{a,0},0}+min{W,0} max{a, 0}

o=min{W, 0} max{a, 0} +max{W,0} min{a, 0}
+max{min{ W, 0} min{a, 0} —max{W,0}
max{a, 0},0}+max{W,0} max(a, 0}

(A.1)

It can be observed that the min or max operation in Eq. (A.1) are
continuous, although they are not strictly differentiable at zeros. As a
result, the smoothness of the forward propagation of CreINNs ensures
that parameter updates are attainable in the same way of automatic
differentiation as standard neural networks (Oala et al., 2021).

A.2. Numerical example showing the infeasibility of classical SoftMax

The traditional SoftMax activation function cannot be used to gen-
erate valid probability intervals in CreINNs when computing [q,q] as
g=SoftMax(a) and g=SoftMax(a), respectively. For instance, ass_uming
that intervals scores are a:=(0,-1,1)7 and @ :=(1,0,3)7, the g and q
can be computed from SoftMax as B
g =>SoftMax(a)=(0.2447,0.0900, 0.6653)T

. (A.2)
g=SoftMax(a@)=(0.1142, 0.0420, 0.8438)”

The numerical example shows that the ‘probability intervals’ are not
properly defined as some upper bounds are considerably smaller than
the lower bounds.

A.3. Mathematical proofs for interval SoftMax

In the case of binary classification, the Interval Softmax in Eq. (7)
reduces to the Sigmoid activation, as follows:

z:l/(l +exp(gL)>, E:l/(l +exp(EL)>. (A.3)

We can prove that Interval SoftMax can result in valid probability
intervals and satisfy the constraint in Eq. (6) for defining a nonempty
credal, as follows:

C C exp(gL)
ngzz abiat
k k exp (a )+Z/¢k exp( ’ i
c
<y =1 (A4
k j)
C exp(_ C
<y A =Y G
k exp(ak)+2#k exp ( j j) k

Interval SoftMax demonstrates smoothness for backward propaga-
tion. The relative partial derivatives can be derived as follows:
k=j

A.5
) oy (A.5)

Lo
= a-+a;
1 exp (L2
>4

=

Ly, 3°C af+aj
exp (@ )+ Xy exp ( 1)
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, k=
aé = eprL—fL) J (A.6)
P T - el .
exp (g, >+2/¢k exp (- 5 Ly
_ q;(1 = qp), k=j
a_qu = 1= exp(ﬁ/L :EJL ) 3 (A7)
da; | Tyl — —ror k#J
exp (@ )+ Xy exp (=)
(o k=j
G |\ el . (A8)
ng L e k#j
exp @)+ X5 yexp (L51)

The property of “set constraint” remains satisfied in Interval Soft-
Max. Namely, for any alf €la,.7,]", the condition consistently holds as
follows:

exp (a;)
9= = €lg,-axl- (A.9)
exp (aL)+Z#_k+exp( Sl
A.4. Ensemble of probability intervals
It can be proved that the averaged probability intervals [q ,qavg]

for ensemble of CreINNs in Eq. (15) is guaranteed to generate a
non-empty credal set, as follows:

< L e ¢
Z —avgk= _ZZ _::k< 1< ﬁ;; ; qa avg, " (A.10)

A.5. Uncertainty estimation in BNNs and DEs

Given an instance x, the prediction of BNNs applying BMA and DEs
can be obtained as follows:

1 1 -
G:=220 by (=2 4
m m

where M is the number of samples used to approximate the posterior
distribution of the parameters in BNNs during inference or the number
of ensemble members in DEs. p(®|D), during inference. h,, denotes the
deterministic model sampled from the posterior distribution of BNNs or
the mth SNN in DEs. g,, represents the mth single probability prediction.

Employing Shannon entropy as the uncertainty measure, one can
approximate the TU of BNNs and DEs as TU := H(g). The AU can
be estimated by averaging the Shannon entropy of each single model
prediction (Hiillermeier & Waegeman, 2021):

M
i Z’l H(gy)-

Consequently, the EU can be disaggregated from TU by EU = TU —
AU (Depeweg, Hernandez-Lobato, Doshi-Velez, & Udluft, 2018). In
some literature, the EU is interpreted as an approximation of the “mu-
tual information” (Hiillermeier et al., 2022; Hiillermeier & Waegeman,
2021).

(A11)

(A.12)

Appendix B. Additional experiments

In this Appendix, we evaluate the uncertainty estimation of CreINNs
when the model is trained on standard input data but evaluated us-
ing internal data. Multiclass and binary cases are considered. Since
the baseline models presented in Section 4.1 do not support interval
input data, only CreINNs and the CreINN ensemble are evaluated for
uncertainty estimation. The models used in this evaluation were trained
on the standard CIFAR-10 and X-ray datasets, following the training
procedures outlined in Section 4.1.
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Fig. B.1. AR curves using AU, EU, and TU estimates in multiple cases where the input
intervals are constructed from CIFAR10 using different noise levels y and brightness
levels B. The results are averaged over 15 experimental runs.
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For the interval test data, we apply the data preparation methodol-
ogy outlined in Section 4.2.1 to generate the interval-based CIFAR10
and X-ray datasets. This process incorporates considerations of noise
level (u) and brightness condition (f). More specifically, the design
intervals of x4 and f, denoted as [u;, u,] and [f;, f,], were selected as
follows:

[11, 21=10,.08], [0, .121, [0, .16], [0, .18], [0, .2]

[$1, £,]1=10,.05], [0, .11, [0, .15, [0, .2], [0, .3]

(B.1)

Figs. B.1 and B.2 demonstrate the AR curves of the CreINN Ensemble
in multiple cases where the interval instances are constructed from
the CIFAR10 and X-ray datasets using different noise levels y and
brightness levels p. The positive correlation between accuracy and
rejection rate in each case verifies the effectiveness of uncertainty
quantification. The evidence demonstrates the capability of CreINNs
to effectively estimate uncertainty when the model is trained with
standard input data and employed for interval input data.

Data availability

The datasets used in this study are publicly available online. The
main experimental implementation code is provided at https://github.
com/WangKaizheng/CreINNs.
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